Available online at www.sciencedirect.com

INTERNATIONAL JOURNAL OF
SCIENCE( DIRECT® PI t. .t

ELSEVIER International Journal of Plasticity 20 (2004) 1487-1504

www.elsevier.com/locate/ijplas

A stabilized formulation for incompressible
plasticity using linear triangles and tetrahedra

M. Chiumenti **, Q. Valverde °,C. Agelet de Saracibar ?,
M. Cervera #

& International Center for Numerical Methods in Engineering (CIMNE),
Universidad Politécnica de Cataluna (UPC), Edificio CI1, Campus Norte,
Gran Capitan sin, 08034 Barcelona, Spain
® Departamento de Ingenieria, Seccién Ingenieria Mecénica,
Pontificia Universidad Catélica del Perii, Lima, Peru

Received in final revised form 5 May 2003
Available online 19 December 2003

Abstract

In this paper, a stabilized finite element method to deal with incompressibility in solid
mechanics is presented. Both elastic and J2-plastic constitutive behavior have been considered.
A mixed formulation involving pressure and displacement fields is used and a continuous
linear interpolation is considered for both fields. To circumvent the Babuska—Brezzi condition
a stabilization technique based on the orthogonal sub-scale method is introduced. The main
advantage of the method is the possibility of using linear triangular or tetrahedral finite ele-
ments, which are easy to generate for real industrial applications. Results are compared with
standard Galerkin and Q1PO mixed formulations in either elastic or elasto-plastic incom-
pressible problems.
© 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

This paper proposes a possible solution to the problem of incompressibility ob-
served in solid mechanics in case of either elastic incompressibility or J2 plasticity.
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The objective is to avoid the so called volumetric locking, an undesirable effect ex-
hibited by all low order elements based on the standard Galerkin formulation. Many
successful strategies to avoid volumetric locking based on both mixed and enhanced
formulations can be found in the literature, Miehe (1994), Simo and Rifai (1990),
Simo et al. (1985), but they generally fail in the case of linear triangular or tetrahedral
elements due to the lack of satisfaction of the Babuska—Brezzi condition (Brezzi and
Fortin (1991)). Other formulations have been proposed by Zienkiewicz et al. (1998),
Taylor (1999), Onate et al. (submitted for publication), Klass et al. (1999a,b), etc. to
deal with such elements, mainly motivated by the fact that nowadays, for real life
geometries, tetrahedral meshes are relatively easy to generate. Techniques based on
the sub-grid scale approach proposed by Hughes (1995), have been applied in the
context of solid mechanics in strain localization problems by Garikipati and Hughes
(1998, 2000). In Garikipati and Hughes (2000) the fine scale is represented by addi-
tional ad-hoc variables, which are introduced in the same fashion than in the assumed
enhanced method. Recently a method based on the orthogonal sub-scales method,
introduced by Codina (2000), has been applied to incompressible elasticity by the
authors, see Chiumenti et al. (2002). Effectiveness and robustness of the technique
have encouraged the authors to extend the approach to non-linear problems. An
equal order interpolation of the mixed pressure and displacements fields is introduced
followed by a decomposition of the unknowns into resolvable and sub-grid scales
orthogonal to the finite element space. The basic idea is to approximate the effect of
the component of the continuous solution which cannot be captured by the finite
element solution and is the cause of the volumetric locking.

In the next section, the equations that define the mechanical problem including
the condition of incompressibility will be presented. Later on, the stabilization model
using the orthogonal sub-grid scale approach will be presented taking into account
the non-linear behavior induced by the plastic model. Finally, some numerical
benchmarks will compare the standard Galerkin formulation as well as the mixed
QIPO approach with the present formulation.

2. Mixed formulation for J2 plasticity model

It is well known that elements coming from standard displacement formulation
often lock in constrained media problems, such as incompressible problems. A
possible alternative can be stated introducing a mixed variational formulation. Within
this framework it is possible to design more robust and flexible elements such as the
assumed stress elements where pressure is interpolated independently of the dis-
placement field.

In this section a mixed formulation to deal with an elasto-plastic behavior is in-
troduced. The finite element discretization is presented to point out the restrictions of
this formulation coming from the Babuska—Brezzi stability condition. Furthermore,
the sub-grid scale approach is presented as an alternative to circumvent this con-
dition to be able to use continuous linear interpolations for both displacements and
pressure fields. Finally, the stabilized system of equations that solve the problem of
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incompressibility is presented, assuming as a particular choice the orthogonal sub-
grid scales.

2.1. Continuum formulation

The formulation of the mechanical problem to deal with the quasi-incompressible
behavior can be written in a mixed format considering the hydrostatic pressure p as
an independent unknown, additional to the displacement field, u. The stress tensor &
can be expressed in terms of these two independent variables such as:

_ p=itr(o)
oo =pt+sw = 016) (1)
where p and s(u) are the volumetric and the deviatoric parts of the stress tensor,
respectively.

If we refer to J2 plasticity then the volumetric and the deviatoric constitutive
behavior can be split and treated independently. In particular, the hydrostatic pres-
sure p can be expressed as:

p=Ke, (2)

where K is the bulk modulus, also referred to as modulus of volumetric compress-
ibility and ¢, =tr (¢) = V-u is the volumetric part of the total deformation ¢ = V*u. On
the other hand, the deviatoric part of the stress tensor s can be introduced as:

s =2Ge° =2G(e — ¢€”) (3)

where G is the shear modulus and e° and e are the deviatoric components of the
elastic and the total strain tensors, respectively. According to J2-plastic model,
plastic deformation, e”, is assumed to be only deviatoric and it has been computed
according to the J2-plastic constitutive model summarized in Box 1 (sece Agelet de
Saracibar et al., 2001).

Therefore, the strong form of the mixed problem that we want to solve, can be
formulated as: find the displacement field u and the pressure field p, for given pre-
scribed body forces f, such that:

V-s+Vp+f=0 inQ 4)

V-u—%p:O in Q (5)

where Q stands for an open and bounded domain of R™m in a space of ngy, di-
mensions. Eqgs. (4)-(5) are subjected to appropriate Diritchlet and Neumann
boundary conditions in terms of prescribed displacements, u=1u on 0Q,, and pre-
scribed tractions, t = ¢ - n on 9Q, respectively.

Note that the formulation is valid for both compressible and incompressible cases.
In particular, in case of incompressibility, that is when K — oo, Eq. (5), transforms
into:

V-u=0 inQ (6)
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Box 1. J2-plastic constitutive model

(1)  Von Mises yield function, ¢:

b(s,9) = s — all = \ /3o, + H)
where ¢, is the flow stress.

(2)  Isotropic hardening conjugate variable, H:
H =hé+ (05 — 0,)[1 — exp (—68)]
where ¢ is the isotropic hardening variable, o, is the saturation flow
stress and /2 and ¢ are the coefficient for the linear and the saturation
hardening laws, respectively.

(3)  Kinematic hardening conjugate variable, q:

2
q = —3Kig

where ¢ is the kinematic hardening variable and Kj, is the coeff. of the
linear kinematic hardening law.

(4) Plaslic evolution laws:

i‘yn
é—m/
¢=-—yn

where 7 is the plastic multiplier

and n = H: gl\ is the normal to the yield surface.

Denoting by (:,) the inner product in the space of square integrable functions L?
(Q), the associated weak form of the problem (4)+(5) can be stated as:

(v, V -8y + (v,Vp) + (v,f) =0 (7)

(5o ka)) =

where v and ¢ are the variations of the displacements and pressure fields, respectively.
Integrating by parts, problem (7-8) can be rewritten as

(Vv,8) + (V- v, p) — (v,f) — <v,f>aQ =0 9)

<q, (V-u—%p)>:0 (10)

Observe that (9-10) involve the first derivative of the displacements and only the
primal function of the pressure field. Hence, the natural spaces for displacements and
pressure continuum fields are: ue?” and pe.¥ where ¥" = H'(Q) where ¥ = H'(Q)
and £ =1L1% (Q), respectively. The corresponding variations are defined in:
ve? o ={ve?’|[v=0 en 0Q,} and ¢ . H" (Q) denotes the space of functions of
which its derivatives up to order m > 0 (integer) belong to L? (Q). Roughly speaking,
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H' (Q) involves continuous functions with discontinuous derivatives, while L? (Q)
includes even discontinuous functions.

Using a compact notation, the above problem can be stated as the following
bilinear form:

RU,V)=0 VYV (11)

where U: =[up] e =7"x& and V:=[v,q]' € #Wo="7"¢xZ are the vector of un-
knowns and its variation, respectively.

2.2. Discrete formulation

Let v, c H' (Q) and %, D L? (Q) be the finite element spaces for displacement
and the pressure discrete fields u, and p,, respectively.
It is possible to express problem (11) as

R(U,LV,) =0 WV, (12)

where Uj, : = [llh, ph]t ceW,= 7", x &L, and V;: :[Vh, qh]t EWipo= "Vh,o X ¥, are
the vector of unknowns and its variation, respectively.

Up to now, no hypotheses have been made on the interpolation functions chosen
for the displacement and pressure fields. However, the stability of the discrete for-
mulation depends on appropriate compatibility restrictions on this choice, as stated
by the well-known Babuska—Brezzi, BB-condition, Brezzi and Fortin (1991). Also,
several authors have deduced necessary but not sufficient conditions for the stability
of the pressure approximation, such as the constraint counts [see Hughes (1987),
Zienkiewicz and Taylor (1994) and references there in]. According to these restric-
tions, standard mixed elements with continuous equal order linear/linear interpola-
tion for both fields are not stable, but a stable mixed finite element can be
constructed using quadratic interpolation for the displacement field and constant
interpolation for the pressure.

However, the BB-condition can be circumvented by using non-standard mixed
interpolation or, for instance, stabilization techniques. The objective of this work is
to introduce the so-called sub-grid scale approach to stabilize the discrete formula-
tion of the mixed problem allowing the use of linear interpolations in both dis-
placements and pressure.

2.3. The sub-grid scale approach

The basic idea of the sub-grid scale approach (Hughes, 1995) is to consider that
the continuous displacement field can be approximated considering two components,
one coarse and a finer one, corresponding to different scales or levels of resolution.
The solution of the continuous problem contains components from both scales.
For the solution of the discrete problem to be stable it is necessary to, somehow,
include the effect of both scales in the approximation. The coarse scale can be
appropriately solved by a standard finite element interpolation, which however
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cannot solve the finer scale. Nevertheless, the effect of this finer scale can be included,
at least locally, to enhance the stability of the pressure in the mixed formulation.
Therefore, the solution of the mixed problem will be approximated as

U=U,+U (13)

that is

u u, u
)= 1)+ 6] 1
where uy, is the displacement component of the coarse scale and u is the enhancement
of the displacement field corresponding to the finer scale. It must be pointed out that
no sub-grid scale contribution has been considered on the pressure field.
Moreover, note that U, € #, while U € %/, being ¥, and 9, the finite element
and the sub-grid scale space, respectively. It is important to observe that we are
considering @ € 7y = {ﬁ eV =0 en 0Q}, that is the subgrid scale displace-
ments vanishes all over the boundary 9Q. Hence, the solution U belongs to the re-
fined space:

W =W,dW, (15)

Assuming an additive split of the total deviatoric strain tensor e =e‘+e’, it is
reasonable to assume the elastic and plastic components as:

¢ = + & (16)
¢ = (17)

Observe that this supposes that u is sufficiently small, compared to the coarse
solution u,, so that the deformations induced by the sub-grid displacements u are
purely elastic, that is e = €. This is arguable considering u as a perturbation of the
finite element field u,, which cannot be resolved in #7,. As a consequence, the de-
viatoric stress tensor s(u,+u) can be split as the sum of a first contribution s, (u;),
coming from the elasto-plastic behavior induced by the coarse solution u,, and a
second contribution s(u), associated with the sub-grid scale u, in the form:

s(u,. +a) = s;(u,) + s(a) (18)
so that:

Sh(llh) = 2Ge; = 2G(e;, — eZ) (19)

s(a) = 2Ge° = 2Ge (20)

In this way, the continuous problem (11) transforms into finding U, and U such
that:

R(U,V,)=R(U,.+U,V,)=0 VYV, e, (21)
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R(U,V)=R(U,.+U,V)=0  VVe¥, (22)

where V, =[v;, p,]~" and V= [V, 0]’ are the vectors of variations, defined onto %,
and 7, respectively.

Note that Eq. (21) is defined in the finite element space #7, and it solves the
balance of momentum including a stabilization effect depending on the sub-grid U.
On the other hand, Eq. (22) is defined in the sub-grid scale space %" and it will be
used to define the sub-scale displacement field U.

Particularizing problem (21) together with the above assumption, it follows that:

<Vh, V- S> + <V},, Vph> + <Vh, f> =0 (23)

<q;,, (v- (uh+ﬁ) —]1<p;,)> —0 (24)

Integrating by parts, problem (23) can be rewritten as:

(Vi 8) + (Vv i) — (Vi £) — <vh, E>m —0 (25)

t

<qh, (v- (wi +0) —%ph)> —0 (26)

where the integral over the boundary 9Q, involves the prescribed traction t. Finally,
expressing the total deviatoric stress tensor s in terms of s;,, we obtain:

(Vv 1) + <v~¥v,,,§> AV Vi o) — (v ) — <vh,f>a —0 (27)

4

<q,,7 (v- (s + ) —%ph)> —0 (28)

Note that it is possible to split these equations in the same way as for the purely
elastic case (see Chiumenti et al., 2002), so that:

R(U,V,) = R(U,, V) +R(ﬁ,Vh) =0 W, e, (29)

where R (U,, V,) is the standard term of the weak form of the problem

g Vi, - 7f - 7f
R(U, v, = [T 7 vo) =) (n >an,] (30)
<61h;V : “h> - <11117%Ph>
and R (ﬁ, V,) is the stabilization term, that can be expressed as
- Vv, 8
R(U,V,) = (v > (31)
<qh7 v : u>
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Integrating Eq. (31) by parts, and recalling that u € A} (Q) and it vanishes all over
the boundary 0Q, the result is

R(f],Vh) _ :g: zq'h(;Gdevvsv;q)> 32)

The pending subject for the next section is how to approximate the sub-scale
displacements u to define it properly.

2.4. Orthogonal sub-grid scales
The objective in this section is to obtain a useful expression for the sub-grid scale

displacements u to be introduced in Eq. (32). To achieve this result, let us manipulate
problem (22), introducing the split of the stress tensor (18), in the form:

gv,v-sh> + (%, V-8)+ (7. V) +<V’f>1 =0 (33)

where the second equation vanishes due to the fact that p = 0 [see Eq. (14)]. Observe
that also in this case it is possible to split the problem into:

R(U,V) -

R(Uh,i?) +R(fj,i7) —0 YWen, (34)

where the first term only depends on U, while the second term includes the effect of
U. The above equation can be rewritten as:

(3, V- 3(W)) + (V,1:) = 0 (35)
where the following operator has been introduced:

thV'Sh+vplz+f (36)

Having in mind the expression of the deviatoric part of the stress tensor s given by
Eq. (20), and recalling again that u vanishes on 9Q, the first term in (35) can be
developed as:

¥,V -3()) = —(V'V,2G dev V') (37)

Taking into account that for a given a function (-) the order of its gradient
is V(-) ~ 0 % , where h is the characteristic length of the finite element mesh,
Eq. (36) can be approximated within each element Q. by the following linear
expression:

Nelm ~ ~ Nelm
2G(V*V,devViu) i~ Z<Cl hi’czh£> = nglﬁy U)o, (38)
e=1 e e/l Q

e=1

2
— Che

where 7, =53¢ is a parameter defined as a function of the characteristic length of the
element /i, and the shear modulus G; coefficient ¢ = ¢y-¢,, is a coefficient depending on
the element interpolation, to be appropriately chosen.
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Substituting the above results in (35) then:

Nelm Nelm

ZVUQ—ZT(VV;, (39)
e—1
Moreover, as a particularization of the general form of the sub-grid scale method
detailed in the previous section, let us choose as sub-grid scale space #", the space
orthogonal to the standard finite element space # 7, that is:

Wom W} (40)

The space %" io is generally referred as the space of orthogonal sub-scales. It was
introduced in Codina (2000), and applied to incompressible elasticity by Chiumenti
et al. (2002).

Imposing that u € #~ io the following approximation can be established:

Nelm Nelm
D (Vg =D V. B (1), YV € Wi (41)
e=1 e=1

where P is the orthogonal projection onto %

It must be pointed out that f in (36) belongs to the space #7, and therefore P;-
(f)=0. On the other hand, V's, also in (36), involves second derivatives of finite
element functions which vanish when /inear elements are used. As a result

Nelm Nelm
> (Vg = > w(V, BV, We W, (42)
e=1 e=1

Thus, the sub-grid scale displacements u can be approximated within each element
Q,, as:

lflve =~ Te[vph - Ph(vph” (43)

where the orthogonal projection P;- of a variable (-) has been computed as:
Pr()=0)=h(") (44)

where P, () is the projection onto the finite element space ¥, computed as:

(B )oma) = () ma) v, € Vi (45)

In particular, calling II, = P, (VP,) the projection onto V), of the pressure gra-
dient, it can been computed as:

(I, 1) = (Vs 1) v, €V, (46)

leading to a final expression for the approximation of the sub-grid scale, within each
element, such as:

U, ~ 7.[Vp, — 11, (47)

Observe that, according to the objective of this work, the use of element-wise
linear interpolation for the pressure, implies a discontinuous field for the pressure
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gradient and, consequently, for the sub-grid scale solution u,. On the other hand, IT,,
is defined as a continuous field, leading to an expression for u, which cannot be
condensed element by element.

Substituting the approximation of u, into the expression of the stabilization term
(32) then it simplifies as

0
R(0.V) = l""””w% (Vs — nmgg] (48)

e=1

As a result of the above procedure, the stabilized system of equations proposed by
the authors to solve the problem of incompressibility in case of elasto-plastic be-
havior, is the following:

(V¥ 1) + (Y Vi i) — (Vi £) — <vh,f>m —0 (49)
@ wh = (npn) = S lTalTp, ~ ), =0 (50)
(Vou,my) — (I, m,) =0 (51)

It is important to point out that under these hypotheses the stabilization term (48)
does not affect the momentum Eq. (49), which can be solved as in a standard mixed
finite element formulation. On the other hand, the incompressibility Eq. (50) is
stabilized element by element, using a term that depends on the difference between the
continuous (projected) and the discontinuous (elemental) pressure gradient. This
means that the finer is the mesh, smaller is the contribution to the stabilization term
to be added to this equation to make possible a stable solution. Finally, it must be
observed that in this formulation a third nodal variable II, has to be solved.
However, in the next section we will show that it is possible to overcome this
drawback and achieve a robust and efficient solution.

3. Implementation aspects

Many alternatives can be considered to solve the proposed system of Egs. (49-51).
The strategy preferred by the authors consists of a simultaneous solution at time
t=1"*+1) of the balance of momentum together with the pressure equation. The
projection of the pressure gradient IT, obtained at time ¢=¢" is used during the
equilibrium iterations of the next time step. This strategy has proved to be effective
without loss of precision or robustness. A brief summary of the algorithm and matrix
format implemented is presented in Box 2 (more details can be found in Chiumenti
et al., 2002).
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(1)
2)

(€)

(4)
)
(6)
(7

@)

Box 2. Solution algorithm

Time step n+1:

Initialize iteration i = 0—[U,P]7"*1.9 =[U,P]"™"
For the (i+1)" iteration:

Compute AULHD and AP D a:

K(n+l'i) R, :| (n+1.0)

ot G j| |:AU:|(H+1.[+1) -
AP TRy
G’ —M, - L

Update variables:

[U,P]T (n+1i+1) — [U,P]T(”Jr]‘i)‘l‘[AU,AP]T (n+1,i+1)
Check convergence

If not converged: new iteration: i<—i+1 (go to 2)
If converged: set: [U, P]7*+1) =[U,P]" ("+1i+D)
Compute IT"+D:

H(n+1 IGP (n+1)

Next tlme sep: n—n+1 (go to 1)

Expressions R7™' and R%"" in Box 2 are the residuals vectors associated to Egs.
(49) and (50), respectively. Moreover, the elemental sub-matrices corresponding to
local nodes 4 and B that must be assembled for the solution of the global system of
equations are the following:

(e)

[Kgfv] = / B! Dg.,B3dQ (52)
QL’
(@
e T
(6" = / bNZdQ| by =N N/ NA] (53)
(e)

2] = |x. [ b lbla (54)
(@)

[MAB / NNEAQ (55)

where Dy, is the deviatoric part of the constitutive tensor; G and G” are the gradient
and the divergence operators, respectively; L is the Laplacian operator and My M, are
the “mass’” matrices associated to the displacement and pressure fields, respectively.

Finally, note that using a lumped projection operator M it is possible to transform
Eq. (7) in Box 2 into a trivial vector operation leading to a really efficient solution
algorithm.
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4. Numerical results

The formulation presented in the preceding sections is illustrated below in a
number of numerical simulations. The objective is to show the performance of the
proposed algorithm when a J2-elasto-plastic constitutive behavior is considered.
Incompressibility condition are assumed in all the benchmark proposed. Perfor-
mance of the method is tested considering either 2D plane-strain triangular me-
shes or 3D tetrahedral meshes. To show the behavior of the element under
extreme situations, coarse meshes are used in all the tests. Newton—Rapbson
method combined with a line search optimization procedure, is used to solve the
non-linear system of equations arising from the spatial and temporal discretiza-
tion of the weak form of the stabilized problem. Calculations are performed with
an enhanced version of the finite element code COMET (see Cervera et al. 2002)
developed by the authors at the International Center for Numerical Methods in
Engineering (CIMNE).

4.1. 2D Tension benchmark

The benchmark proposed consists of a square specimen (10 x 10 cm?) in plane-
strain conditions. Two rigid plates have been fixed to the top and the bottom of the
specimen. The loading condition consists of a prescribed displacement of the top
plate of 1 mm in the vertical direction. The bottom plate is fixed. Young’s modulus is
E=2.0 x 10° MPa and the incompressibility condition is enforced by setting Pois-
son’s ratio to v =0.4999. A perfect plasticity model is assumed considering an elastic
limit of 6, =150 MPa. The proposed formulation T1P1 is compared to the solution
of the mixed mean dilatation/pressure quadrilateral element, generally referred to as
QI1PO element (Simo et al., 1985) and the standard Galerkin formulation for trian-
gular elements T1.

As a first result, observe in Fig. 1 that pressure contourfills present similarity
for the proposed T1P1 and QIPO formulations, even if coarse meshes are used.
Locking effects induced by the standard Galerkin formulation can be clearly
observed in the same figure. Fig. 2 shows the equivalent plastic strain contours
obtained with the different formulations. Also in this case there is good agreement
between the proposed and the QIPO formulations. Observe that plastic defor-
mations for the standard Galerkin formulation are localizing incorrectly along a
fictitious shear band induced by the finite element mesh. The same phenomenon
has been observed in other problems, leading to the conclusion that the proposed
formulation is able to produce results that do not depend on the orientation of
the mesh used.

Fig. 3a shows the global response of the specimen in terms of vertical reaction
versus vertical displacement. The proposed mixed stabilized formulation compares
very well with the results achieved using the Q1P0 formulation. The standard for-
mulation shows a very clear locking effect both in the elastic and in the plastic re-
gimes, with incorrect load—displacement slopes in both situations. Finally, Fig. 3b
compares the same plots in case of compressible elastic behavior (Poisson’s ratio
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¢) Proposed T1P1

211e+07

a) Standard T1 b) Q1/P0

Fig. 1. Comparison of the pressure field among the different formulations.
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oooigar

00016773
00014677
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0.00083868
000062899
000041932
000020965

o

c¢) Proposed T1P1

a) Standard T'1

b) Q1/P0

Fig. 2. Comparison of the equivalent plastic strain field among the different formulations.

v=0.3). It is possible to appreciate how the formulation proposed by the authors is
still valid in this case. More examples showing the performance of the formulation in
compressible and incompressible elasticity can be found in Chiumenti et al. (2002).

4.2. Plane strain Cook’s membrane problem

The Cook’s membrane problem is a bending dominated example that has been
used by many authors as a reference test to check their element formulations, see
Simo and Rifai (1990), Miehe (1994) among others. Here it will be used to compare
results for incompressible J2-plasticity, showing the behavior of the algorithm for
triangular elements. As a reference solution, the mixed mean dilatation/pressure
quadrilateral element, generally referred to as Q1P0 (Simo et al., 1985) is used. The
problem consists of a tapered panel, clamped on one side and subjected to a shearing
load at the free end. In order to test the convergence behavior of the different for-
mulations, the problem has been discretized into 2 x 2, 5 x 5, 10 x 10, 20 x 20 and
50 x 50 triangular and quadrilateral finite element meshes. Young’s modulus is
E=70. the elastic limit is o, =0.243, linear isotropic and kinematic hardening are
h=0.135 and K, =0.015, respectively, and the incompressibility condition is en-
forced by setting Poisson’s ratio to v =0.4999.

In Fig. 4, the comparison among different formulations in case of incompressible
plasticity is shown. Q1P0 mixed mean dilatation/pressure approach, T1 standard
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Fig. 3. Vertical reaction versus vertical displacement of the top plate.

elements and the proposed mixed formulation for triangular elements are compared.
The same figure shows how the proposed formulation converges to the exact solution
faster than the Q1P0 mixed approach, even if triangular meshes are used. The figure
also shows the poor performance of T1 standard elements within the context of
nearly incompressible plasticity, due to an extreme locking effect. Fig. 5 shows the
pressure contour fills obtained with the three formulations, using the finest 50 x 50
quadrilateral (Q1P0) and triangular (T1 and T1P1 stabilized) meshes. It is possible to
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Fig. 4. Plane strain Cook’s membrane problem: convergence of different element formulations for quasi-
incompressible J2-plasticity. T1: standard displacement model for triangular elements, Q1P0: mixed mean
dilatation/pressure approach for quadrilateral elements and T1P1: proposed mixed formulation for tri-
angular elements.

observe the similarity between the Q1PO0 pressure field and the one obtained using the
formulation proposed by the authors and on the other hand, the terrible locking
effects of a standard Galerkin formulation.

4.3. 3D Compression test

The objective of this problem is to show the performance of the proposed for-
mulation when a tetrahedral mesh is used to solve a 3D problem. It has been ob-
served that the sensitivity of enhanced element formulations causes difficulties in
compression problems, due to numerical instabilities referred to as hourglassing
effect. The performance of the proposed formulation has been checked also in that
situation. A 0.3 x 0.3 x 0.2 m® block is incrementally subjected to a compression
load (F=1.0E4 MPa) applied on its upper surface (see Fig. 6). Elasto-plastic con-
stitutive behavior has been assumed (Young’s modulus: £=2.0 x 10° MPa; elastic
limit: 0,=150 MPa) together with incompressibility condition (Poisson’s ratio:
v=0.4999). Results obtained with the QIP0 formulation using a 15x 15 x 10
hexahedral mesh are compared with a 15 x 15 x 10 unstructured tetrahedral mesh
based on the proposed formulation. Fig. 6 shows the deformed shapes obtained
mesh while Fig. 7 compares the pressure contour fill being this variable the most
sensitive to the any stabilization technique adopted. It is possible to appreciate in
both figure the similarity in terms of deformability and stress response for compa-
rable finite element discretizations.
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Fig. 5. Plane strain Cook’s membrane problem: pressure contour fill for quasi-incompressible J2-plas-
ticity. Q1P0: mixed mean dilatation/pressure approach for quadrilateral elements, T1P1: proposed mixed
formulation for triangular elements and T1: standard displacement model for triangular elements.
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Fig. 6. Deformed meshes: (a) Hexahedral mesh used together with the Q1P0 formulation; (b) Tetrahedral
mesh used for the proposed mixed stabilized U/P formulation.
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a) Q1/P0 Formulation b) Mixed Stabilized U/P Formulation

Fig. 7. Pressure contourfill in a central section: (a) QIPO formulation; (b) Mixed stabilixed U/P
formulation.

5. Conclusions

In this paper a stabilized finite element method to deal with incompressibility in
solid mechanics is presented. The method is based on the orthogonal sub-grid scales
approach and circumvents the Babuska—Brezzi condition, allowing an accurate and
robust formulation suitable for linear triangular and tetrahedral elements. The for-
mulation, presented in a previous work for incompressible elasticity (Chiumenti et al.,
2002) is extended here to the context of incompressible J2-plasticity. A staggered
algorithm together with an explicit solution of the protection of the pressure gradient
lead to a competitive procedure suitable for industrial applications. Extension of this
technology to the context of large-strain elasto-plasticity will be published soon.
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