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Abstract

This paper deals with a thermodynamically consistent numerical formulation for coupled
thermoplastic problems including phase-change phenomena and frictional contact. The final
goal is to get an accurate, efficient and robust numerical model, able for the numerical simu-
lation of industrial solidification processes. Some of the current issues addressed in the paper
are the following. A fractional step method arising from an operator split of the governing
differential equations has been used to solve the nonlinear coupled system of equations,
leading to a staggered product formula solution algorithm. Nonlinear stability issues are dis-
cussed and isentropic and isothermal operator splits are formulated. Within the isentropic
split, a strong operator split design constraint is introduced, by requiring that the elastic and
plastic entropy, as well as the phase-change induced elastic entropy due to the latent heat,
remain fixed in the mechanical problem. The formulation of the model has been consistently
derived within a thermodynamic framework. All the material properties have been considered
to be temperature dependent. The constitutive behavior has been defined by a thermoviscous/
elastoplastic free energy function, including a thermal multiphase change contribution. Plastic
response has been modeled by a J2 temperature dependent model, including plastic hardening
and thermal softening. The constitutive model proposed accounts for a continuous transition
between the initial liquid state, the intermediate mushy state and the final solid state taking
place in a solidification process. In particular, a pure viscous deviatoric model has been used
at the initial fluid-like state. A thermomecanical contact model, including a frictional hard-
ening and temperature dependent coupled potential, is derived within a fully consistent ther-
modinamical theory. The numerical model has been implemented into the computational
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finite element code COMET developed by the authors. Numerical simulations of solidification
processes show the good performance of the computational model developed. © 2001
Elsevier Science Ltd. All rights reserved.

Keywords: A. Solidification and melting; A. Thermomechanical processes; B. Constitutive behaviour; C.
Finite elements; C. Numerical algorithms

1. Introduction

Numerical solution of coupled problems using staggered algorithms, is an efficient
procedure in which the original problem is partitioned into several smaller sub-pro-
blems which are solved sequentially. For thermomechanical problems the standard
approach exploits a natural partitioning of the problem in a mechanical phase, with
the temperature held constant, followed by a thermal phase at fixed configuration.
As noted in Simo and Miehe (1992) this class of staggered algorithms falls within the
class of product formula algorithms arising from an operator split of the governing
evolution equations into an isothermal step followed by a heat-conduction step at
fixed configuration. A recent analysis in Armero and Simo (1992a,b, 1993) shows
that this isothermal split does not preserve the contractivity property of the coupled
problem of (nonlinear) thermoelasticity, leading to staggered schemes that are at
best only conditionally stable. Armero and Simo (1992a,b, 1993) proposed an
alternative operator split, henceforth referred to as the isentropic split, whereby the
problem is partitioned into an isentropic mechanical phase, with total entropy held
constant, followed by a thermal phase at fixed configuration. It was shown by
Armero and Simo (1992a,b, 1993) that such an operator split leads to an uncondi-
tionally stable staggered algorithm, which preserves the crucial properties of the
coupled problem. The aim of the paper is to extend the formulation given by Armero
and Simo (1992a,b, 1993) and Simo (1994) to coupled thermoplastic problems with
phase-change, to get an accurate, efficient and robust numerical model, able for the
numerical simulation of solidification processes in the metal casting industry.

The remainder of the paper is as follows. Section 2 deals with the formulation of
the local governing equations of the coupled thermoplastic problem, consistently
derived within a thermodynamic framework. An additive split of the strain tensor
and the entropy has been assumed. The constitutive behavior has been defined by a
thermoviscous-elastoplastic free energy function, with temperature dependent
material properties. Latent heat associated to the phase-change phenomena has been
incorporated to the thermal contribution of the free energy function. Plastic
response has been modeled by a J2 temperature dependent model, including non-
linear hardening due to plastic deformation and thermal linear softening. A ther-
mofrictional contact model is derived within a fully consistent thermodinamical
framework. Following Laursen (in press), contact temperature and entropy vari-
ables at the contact surface are introduced, and the energy balance equation at the
contact surface is formulated. A particular thermofrictional contact model including
frictional hardening and temperature coupling is outlined. Following an analogy
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with the bulk continua, an additive split of the tangential gap and the contact
entropy, into elastic and inelastic parts, has been assumed. A pressure and contact
temperature dependent thermal contact model has been used. Additionally, a gap
dependent thermal model has been used to take into account surface heat transfer
phenomena when the two bodies lose contact. Heat generation due to frictional
dissipation is implicitly included. This section ends with the variational formulation
of the coupled problem.

In Section 3, fractional step methods arising from an operator split of the gov-
erning differential equations are considered. Isentropic and isothermal splits are
introduced and nonlinear stability issues linked to the splits are addressed. A key
point of the formulation of the isentropic split is the set up of the additional design
constraints to define the mechanical problem. Here, a strong operator split design
constraint is introduced, by requiring that the elastic and plastic entropy, as well as
the phase-change induced elastic entropy due to the latent heat, remain fixed in the
mechanical problem. These additional constraints motivate the definition of the sets
of variables and nonlinear operators introduced in the present formulation. Within
the time discrete setting, the additive operator splits lead to a product formula
algorithm and to a staggered solution scheme of the coupled problem. Finally, the
time discrete variational formulation of the coupled problem, using isentropic and
isothermal splits, is introduced.

Section 4 deals with numerical simulations of solidification processes. Some con-
cluding remarks are drawn in Section 5. Finally, a step-by-step formulation of the
thermoplastic and thermofrictional return mapping algorithms within the mechan-
ical and thermal problems arising from an isentropic split of their governing equa-
tions is given in Appendices A and B.

2. Formulation of the coupled thermoplastic problem

We describe below the system of quasi-linear partial differential equations gov-
erning the evolution of the coupled thermomechanical initial boundary value pro-
blem, including thermal multiphase change and thermofrictional contact.

2.1. Local governing equations

Let 2<ngin <3 be the space dimension and [ := [0, 7] € R, the time interval of
interest. Let the open sets Q C R™m with smooth boundary 9Q and closure
Q 1= Q| 9Q, be the reference placement of a continuum body B.

Denote by ¢ : Q x | — R™m the orientation preserving deformation map of the
body B, with material velocity V := d,¢ = ¢, deformation gradient F := D¢ and
absolute temperature © : Q@ x | — R. For each time 7 € [, the mapping ¢ € li—>g;:
= ¢, ?) represents a one-parameter family of configurations indexed by time #, which
maps the reference placement of body B onto its current placement S, : ¢,(B) C R,

The local system of partial differential equations governing the coupled thermo-
mechanical initial boundary value problem is defined by the momentum and energy
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balance equations, restricted by the inequalities arising from the second law of the
thermodynamics. This system must be supplemented by suitable constitutive equa-
tions. Additionally, one must supply suitable prescribed boundary and initial con-
ditions, and consider the equilibrium equations at the contact interfaces.

2.1.1. Local form of momentum and energy balance equations
The local form of the momentum and energy balance equations can be written in a
first order system form as, see, e.g. Truesdell and Noll (1965),

v = Vv
oV = DIV[c]+B in Qxl (1)
eH = —DIV[Q]+ R+ Din

where py : @ — Ry is the reference density, B are the (prescribed) body forces per
unit reference volume, DIV[-] the reference divergence operator, o the Cauchy stress
tensor, H the entropy per unit reference volume, Q the (nominal) heat flux, R the
(prescribed) heat source and Dj, the internal dissipation per unit reference volume.
Formally, the governing equations for a quasi-static case, may be obtained just by
setting po = 0 in (1).

2.1.2. Dissipation inequalities

The specific entropy H and the Cauchy stress tensor o are defined via constitutive
relations, typically formulated in terms of the internal energy E, and subjected to the
following restriction on the internal dissipation, see, e.g. Truesdell and Noll (1965)

Dip=0:6€+0OH—-E>0 in QxI ()

where € := SYMMI[F — 1] is the infinitesimal strain tensor. Here SYMM]| denotes
the symmetric operator and I is the second order identity tensor.

The heat flux Q is defined via constitutive equations, say Fourier’s law, subjected
to the restriction on the dissipation by conduction given by

Deon = —éGRAD[G)]Q}O in Qx1I 3)

2.1.3. Thermoplastic/viscous constitutive equations

Micromechanically based phenomenological models of infinitesimal strain plasti-
city adopt a local additive decomposition of the strain tensor into elastic and plastic
parts. Hardening mechanisms in the material taking place at a microstructural level
are characterized by an additional set of phenomenological internal variables col-
lectively denoted here by &,. A viscoelastic behaviour is characterized by an addi-
tional strain variable denoted as . The aims behind the introduction of this viscous
behaviour are to adopt a pure deviatoric viscous model at very high temperature, i.e.
at the liquid state, and to introduce viscous effects at the mushy/solid state. In the
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coupled thermomechanical theory, an additive split of the local entropy into elastic
and plastic parts is adopted, where the plastic entropy is viewed as an additional
internal variable arising as a result of dislocation and lattice defect motion. This
additive split of the local entropy was adopted by Armero and Simo (1993). The
above considerations, motivate the following additive split of the infinitesimal strain
tensor € := €° + €’ and local entropy H := H® 4+ H? and the following set of micro-
structural plastic/viscous internaAl variables G := {€?, H", &,, &}.

The internal energy function E depends on the elastic part of the strain tensor €°,
the hardening internal variables &, the configurational entropy H¢ and the viscous
strain tensor « taking the functional form E = E(e¢, H, &,, ®). Introducing the
functional form of the internal energy into the expression of the internal dissipation,
taking the time derivative, applying the chain rule and using the additive split of the
infinitesimal strain tensor and total entropy, a straightforward argument yields the
following constitutive equations and reduced internal dissipation inequality

o= aeeﬁ(e", H & &),
©:= dyE(e, H, &, ),
. 4)
ﬂa = _aEOtE(ee’ H@7 Sav a)’
Bi= —dE(e, H, &y, ),
Dint = Dmech + Dther = 0’ with
Dinech =0 : €7 + %, +B:&=>0 and Dy := oH". (5)

Using the Legendre transformation W = E — © H¢, the free energy function takes
the functional form W= \f/(e“, 0, &, «). Taking the time derivative of the free
energy function and applying the chain rule, a straightforward argument yields the
following alternative expressions for the constitutive equations

o=  doW(e, O, &, x),

H* = —a@\i:(ee, 0, &, ), ©)
¥ = —0V(e, O, &, x),

Bi= —0,W(e, 0, &, ),

Assuming a yield function of the form & := <IA>(0', B%, ©), the evolution laws of the
plastic internal variables, assuming associated flow, take the form

&= y3,d(o, B, 0),

éﬂl = yaﬂ”q,\)(o-v :30[7 ®)7 4 (7)
HP = y0ed(0, B*, ©)
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and the following Kuhn-Tucker y>0, ® <0, y® = 0 and consistency y® = 0 con-
ditions must be satisfied for a rate-independent plastic model.
The evolution law for the viscous strain « takes the form

1
&:=—p ®)
Ny

where 7, is the effective elastic viscosity material property.

Additionally, the heat flux is related to the absolute temperature through the
Fourier’s law, which for the isotropic case takes the form Q = —K(®)GRAD[®],
where K(®) is the temperature dependent thermal conductivity.

Remark 1 (Equivalent forms of the energy balance equation). Using the additive split
of the total entropy into elastic and plastic parts and the additive split of the internal
dissipation into mechanical and thermal, the reduced energy equation can be expressed
as

OH®* = —DIV[Q] + R+ Dpecn  in Q2 x I ©)

Alternatively, using the constitutive equation of the elastic entropy, taking its time
derivative and applying the chain rule, the temperature-form of the reduced energy
equation can be written as

¢0® = —DIV[Q] + R + Dech — H? in Q x1, (10)
with
= —OR W(e, 6, ),
HT 1= —0[0 B(e, 0, 60 00) 1 &+ By Wle, 0, & )by + B, Be, 0,600 ) &),
(11

where ¢ is the reference heat capacity and H? the structural elastoplastic heating.
Using the constitutive Eqs. (6) the reference heat capacity and structural elastoplastic
heating, take the compact form

co = @3(—)I:\Ie(€€, 0, &, O‘)’

(12)
H()p = —@8@[(;: € — Dmech]

Remark 2 (Thermal phase-change contributions). The free energy function for a
coupled thermomechanical model including phase change can be splitted into thermo-
elastic V,, thermoplastic V,,, thermal (except phase change) Y, and thermal phase
change \Ilgp(, contributions, taking the functional form, ¥ = \il,e(ee, 0, x)+ \fl,p(®,

&) + W, (©) + ¥,,(0).
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Collecting into a thermoelastoplastic part \ilmp(ee, 0, &, &) all the terms appearing
into the free energy function, except the thermal phase change contribution, and setting
H¢ = H;p + prc with H;’(,p = —8@\11[ep(e€,. 0, &, ) and pr(, = —00Wp(®), the
reduced energy balance equation in entropy form, can be written as

®H(;ep = _DIV[Q] + R+ Dmech - HPE with

H =L =OH, = -0, V,(©)-0, (13)

tpc

where H' := L is the phase-change heating given by the rate of latent heat L per unit
reference volume.

Similarly, the reference heat capacity can be splitted into ¢y = Corep + Cope Where
Cotep = —@8%_)(.)1ﬁzep(e€, 0, &, ) and cope = —@8%_)(_)1ﬁ,p(,(®), and the temperature form
of the energy balance equation takes the form

C01ep® = —=DIV[Q] + R + Dyecsy — H? — H’ with
HP = L = oppe® = — O oW, (©)- 0. (14)

Remark 3 (Mechanical modeling of the liquid phase). The constitutive model pre-
sented above accounts for thermoviscous, themoelastic and thermoplastic behaviour. In
particular, a pure thermoviscous constitutive model may be used at the initial liquid
state and a thermoelastoplastic, with or without viscous effects, at the final solid state
of a solidification process, while a continuous transition model between the initial liquid
state, the intermediate mushy state and the final solid state may be defined in terms of
the different phase fractions involved, i.e. the liquid fraction fi(®) € [0, 1] and the solid
Sfraction f(®) € [0, 1], such that f(®) = 1 — f{(®). A simple continuous model, able to
characterize from a pure viscous (deviatoric) behaviour at the liquid state to a pure
elastic behaviour at the solid state, can be obtained dividing by f,(®) the shear defor-
mation modulus and dividing by fi(®) the elastic viscous material properties.

2.2. A J2-thermoplastic constitutive model

Here the following J2-thermoplastic constitutive model described in Boxes 1-3 is
considered. Uncoupled thermoelastic and hardening contributions to the free energy
function given in Box 1 are considered, as suggested by experimental results in
Zbedel and Lehmann (1987). All thermomechanical material properties are con-
sidered to be temperature dependent. A particular interest has been placed in con-
sidering the case in which the specific heat is temperature dependent and the latent
heat is non-zero. Note that in this case the functional related to the pure thermal
contribution is obtained through an integral expression. Phase-change straining due
to shrinkage is considered within the thermoelastic coupling contribution to the free
energy function. Mechanical behaviour within the transition between the initial
liquid-like state and the final solid state has been accounted for dividing by the solid
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Box 1. J2-thermoplastic constitutive model. Free energy function

Free energy function

W€’ £, 0, a) = W(e*, O, &) + M(e*, ©, &) + T(®) + K(&, ©)

i. Linear hyperelastic response (u(®) > 0, x(®) > 0),

W(ee, 0, a) = W(dev[e" — )+ U(tr[e® — o], ©)

W(dev[ee — ], ©) = w(O®)dev’[e’ — «],

U(ir[e — «], ©) = %K(@))nﬂ[e@ —al,
with 1(©) = 1(0)/f,(®) where f,(©) € [0, 1].

ii. Thermoelastic coupling,

M(e, 0, &) = —k(®)[4(O) — 6(®)]tr[e® — «,
where
e(0) :=3a(0)(® — BOrr) +€(0),

iii. Thermal contribution (¢y(®) > 0),

IF (¢y(®) = constant and L(®) = 0) then
T(®) = poc,[(© — ©9) — Olog(©/6y))],

ELSE

j"(@) = J: j"o (@)d@, f@(®) = _JZ [p"CS(é) + L/(G)] dg’

END IF

iv. Hardening potential,

k(2.6) = 2O ~ [0(©) — rul @A)

where H(§) := {5_ [1- e(;‘p(_5§)]/5 111; g;«:ég




C. Agelet de Saracibar et al. | International Journal of Plasticity 17 (2001) 1565-1622 1573

Box 2. J2-thermoplastic constitutive model. Thermoelastic/viscous response
Thermoelastic response
1. Cauchy stresses,
o =pl;+s,
p =«(O)rr[e® — o] — k(O)[e(®) — (O],
s =2u(®)dev[e’ — «].
ii. Elastic entropy,
IF (Cs(®) = constant and L(®) = 0) THEN
H = poc, 108(6)/(90) + (0)[ 3a(©) +¢/(®) |irle" — o] — Ko(®)
+ 3k(O)d (O)(O — Orep)tr[e — &] + K'(O)[e(O) — é(Op)]tr[e® — «]

— We (¢, 0, x),
ELSE
. _
HE = on [pocx(@) + L(o)] %6 + K(O)[3a(O) + ()] trle* — o] — Ko
X (&) 4 3k(0 ) (O)(O—(ep)1r[e° — a] + k'(O)[e(®) — é(O)]tr[e’ — o]

- W@(eev ®7 a))

END IF
Thermoviscous response

1. Viscous stress,

p=o
ii. Evolution equations (7,(®) > 0, f(®) € [0, 1]),
: 1 fi(©)
devla| = s== s,
[ ] 77‘3“ nv(©)
) 1
rla] =—3p.

My
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Box 3. J2-thermoplastic constitutive model. thermoplastic response
Thermoplastic response

i. Von Mises yield function with flow stress oy(®) := yo(®),

$0.4.0) = [destol] - 2rs(©) — o

ii. Hardening variable q conjugate to &,

q = =Y = —[(O) — (10(®) — yos(®))(1 — exp(—38))]-

iii. Linear thermal softening,

10(®) = yo(Bp)[1 — wo(® — B9)],
Voo(0) = Yoo (Bp)[1 — wee(® — B9)],
h(®) = h(O)[1 — w;(® — Bp)].

iv. Plastic evolution laws,

€’ :=yn with n:=dev[o]/|dev[o]
§a 1= yV/2/3,
HP .= —y,/2/35(O©).

9

volume fraction f{(®) the given shear modulus (®) and dividing by the liquid
volume fraction f;(®) the given elastic viscosity 77,(®).

2.3. Thermomechanical contact model

2.3.1. Contact kinematics

Let 2 <ngim <3 be the space dimension and 7:=[0, 7] C R, the time interval of
interest. Let the open sets Q(l)_c R™n and Q@® c R™» with smooth boundaries
QM and 9Q® and closures Q D := QM U QM and Q@ := Q® U IQ?P, be the
reference placement of two continuum bodies B and B®, with material particles
labeled X € Q1 and Y € Q@ respectively.

Denote by @@ : Q¥ x| — R™mn the orientation preserving deformation map of
the body B?, with material velocities V@ := 3,¢® and deformation gradients
FO := D. For each time 7 € I, the mapping 7 € li>¢'? := @?¢, 1) represents a
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one-parameter family of configurations indexed by time ¢, which maps the reference
placement of body B?” onto its current placement S(,i) : (pgi) (B(i)) C R,

We will denote as the contact surface TV  3Q" the part of the boundary of the
body B such that all material points where contact will occur at any time 7 € | are
included. The current placement of the contact surface I'® is given by
y(z) _ (p(z)( )

Attention will be focussed to material points on these surfaces denoted as X e ')
and Y € T@. Current placement of these particles is given by x = @'"(X) € V) and
y =0 (Y) e y®.

Using a standard notation in contact mechanics we will assign to each pair of
contact surfaces involved in the problem, the roles of slave and master surface. In
particular, let T" be the slave surface and I'® be the master surface. Additionally,
we will denote slave particles and master particles to the material points of the slave
and master surfaces, respectively. With this notation in hand, we will require that
any slave particle may not penetrate the master surface, at any time ¢ € [. Although
in the continuum setting the slave-master notation plays no role, in the discrete set-
ting this choice becomes important.

2.3.1.1. Contact surfaces parametrization. Let A” c R"m! be a parent domain for
the contact surface of body B”. A parametrization of the contact surface for each
body B is introduced by a family of (orientation preserving) one-parameter map-
pings indexed by time, P\’ : A c R™m1 — R™m such that I := " (A?) and
y? =" (A?). Using the mapping composition rule, it also follows that P’ =

@ q)f{s. It will be assumed in what follows that these parametrizations have the
required smoothness conditions.

Within the slave-master surface role, focus will be placed on the parametrization
of the master surface. Using the parametrization of the contact surfaces introduced
above we consider a point & := (¢', £2) € A of the parent domain, such that

=Py ©).  y=1"E)
E, = Y5 (8), e, i=W(E)

where Y and y are, respectively, the reference and current placement of a master
particle and E, and e,, « = 1,2 are the convected surface basis attached to the
master particle Y € I'®, on the reference and current configuration, respectively.
Here (-) , denotes partial derivative with respect to &.

(15)

2.3.1.2. Closest-point-projection map and normal gap. Let Y : T® — T') be the
closest-point-projection map defined as

Y(X, 1) i=argmin | | @f(X) - @ (V)|
Yer®

I (16)

and set

YYX. D), o= <p§2>(Y) (17)
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where j € @ is the closest-point projection of the current position of the slave
point X onto the current placement of the master surface ['?. Let gy := gn(X, 7) be
the normal gap function defined for any slave particle X € I'D and for any time ¢ € |
as

gn =gnv(X, 1) == —[l@]-v (18)

where [o@] := (pE”(X) — (p§2)(\_() gives the jump of the deformation map at the con-
tact surface and v : y® — 2 is the unit outward normal field to the current pla-
cement of the master surface particularized at the closest-point projection y € y?.

2.3.1.3. Convected basis, metric and curvature tensors at the closest-point projection.
Associated to the closest-point projection given by (16), for some point § :=
(S h 52) e A of the parent domain we will have

Vi=w(E), §i=v7(E) (19)

Attached to the master particle Y € I'® we define the convected surface basis on
the reference and current configurations, respectively, as

Tl = Ea<é), T, = ea(é) (20)

_ Additionally, the unit outward normals v € §% and v € S? at the master particle
Y on the reference and current configurations, respectively, can be defined as

Tref % Tref T X Ty
L V= @21

ref .__
C et x| lT1 x Tl

The vectors T € T\r S? and 7, € T,S%, o = 1,2 span the tangent spaces T,S>
and T,S? to the S? unit sphere at [/ and v, respectively. Here the tangent space to
the S? unit sphere at v € S? is defined as

7,58 ;= {§v € R"m : §v.v = 0} (22)

The convected surface basis vectors Tfff and T,, « = 1, 2, augmented with the unit
outward normals v and v, provides local spatial frames at the master particle
Y(X, 7) on the reference and current configurations, respectively.

The convected surface basis vectors Tgff and T, @ = 1, 2, induces a surface metric
or first fundamental form on the reference and current configurations, defined

respectively as

Mg : ’c;efwcg’f, Myp i= To-Tg (23)
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Inverse surface metrics M* and m®® are defined in the usual manner. Addition-
ally, dual surface basis on the reference and current configurations are straightfor-
ward defined respectively as

o= MU T = mPy (24)
The variation of the convected surface basis along the convected coordinates,

together with the unit normal, induces the second fundamental form or surface
curvature defined, on the reference and current configurations, as

K;eg = Ea,ﬂ(£>~vref, Kap = ea,ﬁ<£)~v (25)

2.3.2. Local form of energy balance equation
The local form of the energy balance equation at the contact surface take the
form, see Laursen (in press),

OH. =0V + 0P + D jnonT® x [ (26)

where ©, > 0 is the absolute contact temperature, H, the contact entropy per unit
reference surface 'V, QE,"‘), o =1, 2 are the outward normal nominal heat fluxes on
the contact surface of bodies B%, « = 1, 2, per unit reference surface ') and D.int 18
the contact internal dissipation per unit reference surface 'V,

2.3.3. Dissipation inequalities

The contact specific entropy H, is defined via constitutive relations, typically for-
mulated in terms of the contact internal energy E., and subjected to the following
restriction on the contact internal dissipation, see Laursen (in press),

Deint = -tV [V]+0.H, —E.<0 on TI'VxI (27)

where [V] := V) — V@ denotes the jump in the material velocities field across the
contact surface and t(!) is the nominal contact traction on I'".

Introducing the nominal contact pressure zy, as the projection of the nominal
traction t!) onto the unit normal v, and nominal frictional tangent traction com-
ponents ¢z, on the convected dual basis T, o = 1, 2, as (minus) the projection of the
nominal traction t) onto the convected basis «,,

tyi=tVv, 1 =001, (28)

and using the expressions

&y =—[Vl-v. &ylgy=o:=[V]-7* (29)
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and the following relation holds

—t V[V = ingn + 17,85 (30)
the contact internal dissipation given by (27) takes the form

Dejnt = INgN + 11,87 + OH.—E.>0 on I'Vx] (3D

The outward normal nominal heat fluxes 0@, a = 1, 2, are subjected to the fol-
lowing restriction on the dissipation by conduction

_ oY 0 o I
D con ._6(1)((9() 0,) + ®(2)(0” ®.)=>0 on T xI (32)

2.3.4. Thermofrictional contact constitutive equations

Phenomenological frictional models adopt a local additive decomposition of the
tangential gap into elastic and plastic parts. Frictional hardening mechanisms taking
place at a microstructural level are characterized by an additional set of phenomen-
ological internal variables collectively denoted here by ¢.s. Furthermore, an additive
split of the local contact entropy into elastic and plastic has been adopted, following
a parallel approach to the bulk continua case. The above considerations, motivate
the following additive split of the tangential gap gr, := g% + ¢, @ =1,2, and
contact local entropy per unit reference surface H, := H¢ + H? and the following set
of frictional internal variables G? := {g”T JHY Cop

The internal contact energy functlon E. per unit contact surface I'D depends on the
normal gap, the elastic part of the tangential slip g%, the frictional hardening inter-
nal variables ¢4 and the configurational contact entropy H, taking the functional
form E, = E(.(g‘?‘, He, {C,_g). Introducing the functional form of the contact internal
energy into the expression of the contact internal dissipation, taking the time deri-
vative, applying the chain rule and using the additive split of the tangential gap and
total contact entropy, a straightforward argument yields the following contact con-
stitutive equations and reduced internal dissipation inequality

tn = OgnEc(gn. g5, HE. Lep)
i1, = gy Ec(en, &5 HE, Gop)
O, = 3HLE(gN g5, He, Lep)
qf =~ Ee(gn. g5 HS, Lep)

(33)

D(’,int = D(’,mech + Dc,ther =0,

with

Demech = 11,85 +¢P¢5=0 and D, her := OHF. (34)
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Using the Legendre transformation ¥, = E. — ®.H¢, the contact free energy
function takes the functional form ¥, = \f!c(gN, g%, O, {Cﬂ). Taking the time deri-
vative of the contact free energy function and applying the chain rule, a straight-
forward argument yields the following alternative expressions for the contact
constitutive equations

Iy = agN‘(//}C(gN’ gejq’ ®L’7 {L’ﬂ)’
tTn = ag‘lra‘&(ng g‘}?’, ®(!a {Cﬂ)’
Hi = _88(,'&(’(gNg geﬁv ®Cv ;t’ﬂ)’

b = =, Ve (gn. 85 Oc. Lep).-

(35)

Constitutive equations for the (nominal) normal heat conduction fluxes per unit
reference contact surface 'V are given by

1 ~(1 .- 1
Q( It )nd(tN, ®C)g2,)) with gg)) =W - Q.,

¢,cond co!

2 2 2) - 2
0% o =2ty g5 with g = 0@ — @, (36)

¢,cond

where ﬁg”(‘))nd(t]v, 0. >0, a = 1,2, is the heat transfer coefficient of the surface I'®,
a = 1,2, assumed to be a function of the contact pressure and the contact tempera-
ture. Note that (36) allows that the contact dissipation by heat conduction restric-
tion given by (32) is unconditionally satisfied.

Assuming a slip function of the form &, = &, (tn. t7,, ©c, ¢F), the evolution laws

of the plastic internal variables take the form
gg"a = y(,'ade (f)c(th ZTds ®L’s qlf)v
H‘? = V(?a(-)((f)c (ZN’ tTaa ®ca qf), (37)

é‘cﬂ = J/caq»quc(le tTas ®L’s q(ﬂ)s

and the following Kuhn-Tucker y, >00, ®.<0, y.®. = 0 and consistency y.®, = 0
conditions must be satisfied for a rate-independent frictional model.

Remark 4 (Equivalent forms of the energy balance equation). Using the additive split
of the total contact entropy into elastic and plastic parts and the additive split of the
contact internal dissipation into mechanical and thermal, the reduced contact energy
equation can be expressed as

®CHS = QE‘I) + QEZ) + Dc,mech on F(l) x 1 (38)
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Alternatively, using the constitutive equation of the contact elastic entropy, taking its
time derivative and applying the chain rule, the temperature-form of the reduced con-
tact energy equation can be written as

0O = 0V + 0P 4+ D e — Hon T x 1 (39)

where the reference contact heat capacity ce and the frictional contact heating H*
take the form

CL‘O = _61’83)(‘@)(,1/[0(ng g?3 ®L‘$ ;L‘ﬁ)v (40)
ch = —®c[3?.)l‘gw,1/fc(g1v, g‘}a, ®cs {cﬂ)'g.n + a%-)(_gl}'?tl/fc(ng geToz, ®ca é‘cﬂ)'g.?}
+ 8%.)L‘€<‘ﬂ1/fc(gN’ g?‘x» ®cy gcﬁ) 'é(fﬂ:l» (41)

or, alternatively, using the constitutive Eq. (35),
Ceo 1= Odo, HS, H 1= =00, (tagn + 17,8% — Demech)- (42)

2.4. A Thermofrictional constitutive model
Here the following thermofrictional constitutive model described in Boxes 4 and 5

is considered. Coupled thermofrictional behaviour is considered within the thermo-
frictional hardening potential.

Box 4. Thermofrictional constitutive model. Free energy function
Free energy function

&c(gN’ ge;x’ O, é.c) = I/i/c(gNs g?}) + f(?(@c') + i(c(;cv ®c)

i. Linear hyperelastic response (ey > 0, €7 > 0),

A o 1 1 o e
Wc(gN, g7 ) = EEN(gN)Z'l' EETgeT Maﬂgy'?-

ii. Thermal contribution (¢, > 0),

T.(0,) = c[(®, — ©g) — O.log(®./6))].

iii. Hardening potential,

1
n+1

kﬂ’(CF’ 0,) = Z ﬁn(®ﬂ)§g+l'
n=1
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Box 5. Thermofrictional constitutive model. Thermofrictional response
Thermoelastic response

1. Contact pressure and frictional traction.

Iy = GN(gN),

i1, = GTMotﬁgeTﬁ'
ii. Elastic entropy

HS = ¢ log(0./0p) = > (O,
n=l1

Thermoplastic response
1. Slip function

b (ty. t1,. Oc. 40) = €] = (B0(O) — gt
where

[l = (1, M 175)"

ii. Hardening variable ¢, conjugate to ¢,

Qo= =0 e = = i@,
n=1

iii. Linear thermal softening,

An(Oc) = [in(O)[1 — wi(®c — ®p)], n.=1,m.

iv. Frictional mechanical dissipation,

Dc,mech = ycllO(@c)[N-
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2.5. Variational formulation
Using standard procedures, the weak form of the momentum balance (we will

assume the quasi-static case for simplicity) and reduced energy balance equations in
Q x [ take the following expressions:

(0. GRAD[n]) - B, o) = (£ mo)y, (€7, ") | (€2 ) =

<®H€,§o> (Q. GRAD[%]) — (R + Drnechs £0) <Q»§0>FQ

<Q NE) §<2>>

(Q NO, §<1>>r @)

1) o

which must hold for any admissible displacement and temperature variations 1, and
¢o, respectively. Here (3 denotes the L, (2 )-inner product and with a slight abuse in
notation ()r . ¢r, and )@ denote thé Ly(Tw), La(Tp) and L>(T®)-inner pro-
ducts on the boundaries I'y, I'p and e, respectively. For the sake of notation
compactness 1t is implicitly assumed that Q:=U2_ Q®, I, :=U2_T® and
g :=U2_ Ty

Using the equilibrium of forces at the contact interface and introducing the
(nominal) contact heat fluxes Q" and Q? per unit reference surface T'V, the fol-
lowing expressions hold

<t<1>, 11(2)) m+< e “52)>r(z>:
QN D) ~{0, &)= 0
<Q'N(2)’ d]2))1*<2>_<Q §(2)>r<”= 0 @

Using (44) the weak form of the balance Eqgs. (43) take the form:

(o, GRAD[n,]) — (B, no) — {t. o)., <t(1), M, “52)>r(1>=

<®H",§o> (Q, GRADI[%0]) — (R + Dinechs &) + <Q,;0> (Qa) (1)>

<Q<2) (2>>

™

(45)

-

where it is pointed out that all contact contributions are parametrized in terms of the
contact surface 'V,

Similarly, the weak form of the reduced energy balance equation on I'V x [ take
the form:

((")cHi, Cco> <Q(l) +0Y.¢ > —(De.mech Seo)py="0 (46)

() ™
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which must hold for any admissible contact temperature variation ¢.

Adding the weak form of the energy balance on 'V x [ given by (46), to the weak
form of the energy balance in € x [ given by (45),, the following alternative
expressions are obtained

(0, GRAD[n,]) — (B, np) — {t, n0>rg_<tu>, ny ”(2)>r<”—

<®HC’ é‘0> N <Q’ GRAD[Q)]) — (R + DPrech, §0>I‘Q +<Q£l)’ é‘(()l)>r(l)
(47)
(Q(z) O _ o >r“>+<®‘H$’ ;C0>r“)—(Damech, Zeo)p=10

3. Time integration of the coupled thermoplastic problem

The numerical solution of the coupled thermomechanical IBVP involves the
transformation of an infinite dimensional dynamical system, governed by a system
of quasi-linear partial differential equations into a sequence of discrete nonlinear
algebraic problems by means of a Galerkin finite element projection and a time
marching scheme for the advancement of the primary nodal variables, i.e. displace-
ments and temperatures, together with a return mapping algorithm for the
advancement of the internal variables.

Here, attention will be placed to the time integration schemes of the governing
equations of the coupled thermoplastic problem. In particular, we are interested in a
class of unconditionally stable staggered solution schemes, based on a product for-
mula algorithm arising from an operator split of the governing evolution equations.
These methods fall within the classical fractional step methods.

3.1. Local evolution problem

Consider the following (homogeneous) first order dissipative local problems of
evolution, see Simo (1994), Agelet de Saracibar et al. (1997a,b,c), Laursen (in press),

i. Evolution problem in  x 1. Consider the local dissipative problem of evolution
for the (homogeneous) thermoplastic problem, written as

iZ =A[Z,T] inQ xI,
dr 48)
Z|l:0: Zy in S_Za

along with
d .= d ) -
—I7=yG'[Z,T] inQx]I, —I"=G'[Z,T] in QxI,
dr and d7 (49)

I7]9=0 ing, =0 in Q,
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where Z, lying in a suitable Sobolev space Z, is a set of primary independent vari-
ables, I' := {I'?, I'"} is a set of internal variables, A[Z,I'] and G[Z, I'] are nonlinear
operators and y >0 is a plastic multiplier.

ii. Evolution problem on T x [. Consider the dissipative local problem of evolu-
tion for the frictional contact problem, written as

d -
—Z¢,=Ac[z,r] on T x I,
dr (50)
Zc|[—0= ZL'O on 1-\(1)’
along with
il“c = yc,GC[Z, l:] on TM x [,
dr (51)
Iel,—o=0 on 'V,

where Z., lying in a suitable Sobolev space Z,, is a set of primary independent
variables, I'. is a set of internal variables, A [Z,T] and G.Z,T] are nonlinear
operators and y, >0 is a frictional multiplier. Additionally, collecting variables and
using a compact notation, we introduce the following set of variables, 7 :={2,7.)
and I :={[,I.}, and nonlinear operators, A[Z,T]:={A[Z,T],AJ[Z,T]} and
G[Z,.T]:={G[Z,T],G[Z,T]}.

In the formulation of the fractional step method described below, it is essential to
regard the set of internal variables I as implicitly defined in terms of the variables Z
via the evolution equations. Therefore Z are the only independent variables and
their choice becomes a crucial aspect in the formulation of the fractional step
method. We refer to Simo (1994), Agelet de Saracibar et al. (1997a,b,c) and Laursen
(in press) for further details.

Motivated by the structure and the design constraints of the isentropic split
described below, we consider the following set of conservation/entropy/latent heat
variables Z

Z:={Z,7.}, (52)
where
Z = o,p,H , H,L} inQxI,
{ P } (53)
Z.:={H, H} onT'® x 1

along with the set of plastic strain/hardening/viscous and frictional slip/hardening
variables I' defined as

F = (I, T withT := (I, T"), (54)
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where
I?:={e’, &}and I == {dev[a], trfx]} inQ x I 55)
I'.:= {gl;ff’ gcﬁ} onT® x [

Here @ is the deformation map, p := poV denotes the material linear momentum,
H°¢ and HP are the elastic entropy (including phase change contributions) and plastic
entropy per unit reference volume, respectively, L is the latent heat per unit refer-
ence volume, €’ the plastic strain, &, the strain-like hardening variables and « the
viscous strains. Additionally, H¢ and H” are the elastic and plastic contact entropy per
unit reference surface, g4 the plastic slip and ¢.s the frictional hardening variables.

All the remaining variables in the problem can be defined in terms of Z and I by
kinematic and constitutive equations. In particular,

1. The elastic strain €° := € — €”. .

2. The Cauchy stress tensor o := d.cE(€¢, H®, &,, ®) and stress-like hardening
variables g% := —aga]%(e", He &, x).

3. The temperature O := 8Hu]:'7(e", H¢ &, ) and nominal heat flux
Q = —KGRADI®].

4. The normal gap gy := —[[@]-v and tangential gap g% given by the time inte-
gration of g% := [V]-7“. A

5. The nominal contact pressure 7y := devEc(gn. g5, HS, {cp), nominal frictional
traction f7, := ageTaEAC(g”, g7, He, ;cﬂ) and conjugate of the frictional hardening
variable ¢f := —0; Ec(gn. g5, HS, Lep).

6. The contact temperature ®, = 8H5Ec(gN, g7, He, g“c,g).

3.1.1. Thermoplastic|viscous nonlinear operators in  x |

With these definitions in hand, and assuming zero body forces and zero heat
sources, the governing evolution equations of the thermoplastic/viscous problem can
be written in the form given by (48) and (49) where the thermoplastic/viscous non-
linear operators A[Z,I'] and G[Z,T'] = {GP[Z, I'), G'[Z, F]} take the form

1
Lo P
DIV[o]
Az, T = - LpvQ)+ LD
’ : Ie) 0 mech
1
6Dther (56)
HP¢
! d
8[,&)(0', ¢, ©) ndev ev[B]
G’[Z,T] = . , G'[Z2,T]:= ; ,
8qa CD((T, q, @) Wtr[ﬁ]
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where the phase-change heating H” is given by
H = —08% W pe(©)-0, (57)

and the mechanical dissipation Dpecn and thermal dissipation Dy, are given by

Dmech = ]/E r : GI’[Z’ r] + E ! : Gv[Zv F]ZO, Dther = 7/@8@(13(0—7 ,30(7 ®)a

(38)

where, using a compact notation, we have denoted as £ #' := [o7,p*] and X o
[dev[B]T , %tr[ﬁ]] the generalized plastic and viscous stress tensors, respectively.

3.1.2. Thermofrictional nonlinear operators on TV x |

With the above definitions in hand the governing evolution equations of the ther-
mofrictional problem can be written in the form given by (50) and (51) where the
thermofrictional nonlinear operators A.[Z, I'] and G.[Z, I'] take the form

1 1
®_ (le) + Qiz) + gDc.mech)

1
. Dc,ther

O (59)

atTan)C([Ns [T()ts)@(’s q(ﬂ

8qf<13€(t1v, 174,)Oc, qg

where the contact mechanical dissipation D, mech and thermal dissipation D, ey are
given by

D(f,mech : [Tag[;fx + C]ffcﬂ > 07 Dc,ther = VL'G)Ca('D(»qS(?(th t1a, ®m qf) (60)

3.2. A-priori stability estimate

For nonlinear dissipative problems of evolution nonlinear stability can be phrased
in terms of an a-priori estimate on the dynamics of the form

d
dt

L(Z,r‘)<0forz [0, 7] 61)

where £(-) is a non-negative Lyapunov-like function.
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For nonlinear thermoplasticity featuring frictional contact behaviour, see Armero
and Simo (1993) and Laursen (in press), consider an extended canonical free energy
functional £() defined as

c(Z,f) =J Ipl” +E(e HE £y, o) — OoHE |dQ + Veu (@)
¢ (62)

* J o [EC(gN’ g7 He CCﬂ) - ®oHi:Id1",
r

and assume that the following conditions hold,

1. Zero heat sources, i.e. R —0,
2. Conservative mechanical loading with potential Vi(@), i.e. DV myg =
—(B, no) — {t. Mo},

3. Dirichlet boundary conditions for the temperature field with prescribed con-
stant temperature ®y >, i.e. ® =@y on I'g x [ and I'p =, or Von-Neuman
boundary conditions for the heat flux with zero heat flux, i.e. 9 =0 on 'y x [
and [y =, or in general mixed boundary conditions satisfying Q(® — ©y) = 0
onTeUTp x .

Then, L(-) is a non-increasing Lyapunov-like function along the flow generated by
the thermoplastic problem and a straightforward computation shows that the fol-
lowing a-priori stability estimate holds in [:

d /s = C) C)
5 [L<Z, F) = _JQ @0 [Dmech + ﬂiDcon] JI‘“’ g(c) [Dc,mech + D(?,COH]dF <0. (63)

This condition is regarded, see Armero and Simo (1993) and Laursen (in press), as a
fundamental a-priori stability estimate for the thermoplastic problem of evolution
which must be preserved by the time-stepping algorithm.

3.3. Operator splits

Consider the dissipative problem of evolution given by (48)—(51) with the asso-
ciated non-increasing Lyapunov-like function £(-) given by (62). Consider an addi-
tive operator split of the vector field A =AM +A®, with A®@ = {A® A®},
leading to the following two sub-problems

Problem 1 Problem 2
z = A0[Z,F) zZ =A®[Z,T],

P = yGr[Z,T], 17 = yG’[Z,T], (64)
I''=G'[Z,T], I'"=G'[Z,T],

I'. =G, [z r‘], r'c:yCGC[Z,f].
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The critical restriction on the design of the operator split is that each one of the sub-
problems must preserve the underlying dissipative structure of the original problem, i.e.

d /- -
(@) (@) _
dtz(z T )<0,a_1,2 (65)

with #i—(Z©@, T®) denotes the flow generated by the vector field A®, o = 1, 2.

Two different operator splits will be considered here. First, following Armero and
Simo (1992a,b, 1993), see also Laursen (in press) for frictional contact problems, an
isentropic operator split, which satisfies the critical design restriction mentioned
above, is considered. This split is compared next with an isothermal operator split,
which does not satisfy the design restriction.

3.3.1. The isentropic operator split
_ Consider the following additive isentropic-based operator split of the vector field
A[Z,T]:

A|Z. 7] =AQ[Z T+ A2[Z. T, (66)
where we define the vector fields Afje) = {Al(gle) A(:i)se and z&fg = {Afe) , Afi)se as
1 0
00" 0
: DIV[O'] ) 1 1
Ai(sg[Z’ F] = 0 ’ Afsg[zv F] = _6DIV[Q] + 6D111ech i (67)
1
0 6Dther
0 Hpe
0 l (Q(~l) + Q(?)) + LDC mech
Az = {0} Az {0 o
6D£,ther
(68)
and consider the following two problems of evolution:
Problem 1 Problem 2
zzggpf} z:Agpj}
I = yGl[Z,T], IV = yGP[Z,T], (69)
I"=G'[Z,T], I"=G'[Z,T],

nzngpf] nzwgpj]
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Within this operator split, Problem I defines a mechanical phase at fixed entropy
and Problem 2 defines a thermal phase at fixed configuration. Note that a strong
condition has been placed in the Problem I, by the additional requirement that not
only the total specific entropy must remain fixed, but also the elastic and plastic
entropy, as well as the latent heat. Note also that the evolution of the plastic internal
variables I' is imposed in both problems. B

Denoting by #—(Z®, ['®) the flow generated by the vector field A, @ = 1,2, a
straightforward computation shows that the following stability estimates hold:

d (70 Fa (0 ()
E’C(Z( )T >) J P do - JF D) .dr<o,
d /=0 =0 O0 [~ 2
aﬁ(Z( L F@) = _JQ oo [Pl + D2 a2 (70)
©o [ &) 2
- D2y + Dy AT <0
2 ,mech c, )
JF(') ®E ) ¢,mec con
where D ., D& and ©@ are the mechanical d1551pat10n thermal heat conduction

dissipation and absolute temperature, respectively, and D( ) e D0 anq Qg"‘) are
the contact frictional mechanical dissipation, contact heat conduction dissipation
and contact temperature, respectively, in Problem a, a = 1, 2.

Thus, the isentropic split preserves the underlying dissipative structure of the ori-

ginal problem.

3.3.2. The isothermal operator split
_ Consider the following additive isothermal-based operator split of the vector field
A[Z,T]:

Al2.F] =AQ[Z |+ AQ[Z.T], (71)

where we define the vector fields A(l) {A(l) A(l) } and A(Z) {A(z) A? }

180 C,180 180”7 C,180

1 0

£0 0

DIV[a] 1 1

—~—DIV = Dyt — H?

ADZ =1 1yt A2z )= |~ PV G Pnea —H7)

© 1

0 6Dther

0 Hpc

(72)
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I .
_ —H*
1) S
Ac,iso [Z’ F:| =1 O
0
1 1 , (73)
ey (Q(l) + QEZ)) + = (Dc,mech - Hﬁ)
® [7 & O .
A(,iso [Z’ F] = 1 ’
0. D(‘ ther
and consider the following two problems of evolution:
Problem 1 Problem 2
Z= AQ[Z.1. 7 =A% A
I =yG'[Z.T), I'? = yG/[Z, 1), (74)
I'"=G'[Z,T], I'=G'[Z,T)],

r.= ych[z, f], r, = yCGC[Z, f].

Within this operator split, Problem I defines a mechanical phase at fixed tem-
perature and Problem 2 defines a thermal phase at fixed configuration. Note also,
that the evolution of the plastic internal variables I' is imposed in both problems.

Denoting by ti— (Z(“) l“("‘)) the flow generated by the vector field A, @ = 1,2, a

180°
straightforward computation’shows that the following stability estimates hold:

d -0 = ' ®
O (1) _ =0 ep(1)
dlﬁ(Z T ) JDmeCthJrJQ(l @m)H dQ

- fel
JI‘(” ¢, mechdF + Jr(l) (1 @(1))H dr $ 0,
iﬁ(Z(z) r‘<2>) __[ ©o [19(2) +D? ]dsz 1— wrqq| (79
d , N Q ®? mech con o ()(2)
©0 [ )
- JF(I) e’ [Dﬂqmech + D(c gon:ld

_ (fe®
Jr‘(n(l O(2)>H dro0,

where D](;‘gch, D(C"(‘)L, H?” and ©@ are the mechanical dissipation, thermal heat con-
duction dissipation, structural elastoplastic heating and absolute temperature,
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()

respectively, and Di‘j’r)nesh, Dgff‘gon, H and ©@ are the contact frictional mechanical
dissipation, contact heat conduction dissipation, frictional hardening heating and
contact temperature, respectively, in Problem o, a = 1, 2.

The contribution of the structural elastoplastic heating and frictional hardening heat-
ing to the evolution equations of each one of the problems arising from the isothermal

operator split, breaks the underlying dissipative structure of the original problem.
3.4. Product formula algorithms

The additive operator split of the governing evolution equations leads to a pro-
duct formula algorithm and to a staggered solution scheme of the coupled problem,
in which each one of the subproblems is solved sequentially. Remember that the set
of internal variables T is viewed as implicitly defined in terms of the set of variables
Z., which are considered to be the only independent variables. Therefore, our interest
here is placed on the time discrete version of the evolution Egs. (48) and (50), and
the update in time of the variables Z using a time-stepping algorithm.

Consider algorithms K[-] being consistent with the flows #—(Z@®, [©®),
a = 1,2, and dissipative stable, i.e. which inherit the a-priori stability estimate on the
dynamics given by (63). Then the algorithm defined by the product formula:

Kal] = (K o K1 (76)

is also consistent and dissipative stable. For dissipative dynamical systems if each of
the algorithms is unconditionally dissipative stable, then the product formula algo-
rithm is also unconditionally dissipative stable. This product formula algorithm is
only first order accurate. A second order accurate product formula algorithm can be
defined through a double pass technique given by, see Strang (1969),

Kal] = [ng 2o K@ o kD) /2][-]. (77)

Note that, according to (75), algorithms based on the isothermal operator split
will result in staggered schemes at best only conditionally stables and only an isen-
tropic operator split leads to unconditionally (dissipative) stable product formula
algorithms.

3.5. Time discrete variational formulation

The use of an operator split, applied to the coupled system of nonlinear ordinary
differential equations, and a product formula algorithm, leads to a staggered algo-
rithm in which each one of the subproblems defined by the partition is solved
sequentially, within the framework of classical fractional step methods. We note that
contrary to common practice, the evolution equations for the microstructural internal
variables are enforced in both phases of the operator split, as in Armero and Simo
(1992b, 1993) and Simo (1994). A Backward—Euler (BE) time stepping algorithm
has been used and two different operator splits have been considered.
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3.5.1. Isentropic split

In the isentropic split, first introduced by Armero and Simo (1992a.b, 1993), the
coupled problem is partitioned into a mechanical phase at constant entropy, fol-
lowed by a thermal phase at fixed configuration, leading to an unconditionally stable
staggered scheme. Additional design constraints of constant elastic and plastic
entropy and latent heat in € and constant elastic and plastic contact entropy on I'V
have been introduced in the isentropic mechanical phase. An efficient implementa-
tion of the split can be done using the temperature as primary variable. See Armero
and Simo (1992a,b, 1993) and Simo (1994) for further details.

3.5.1.1. Mechanical phase. The mechanical problem is solved at constant entropy.
For the sake of simplicity, only the quasi-static case will be considered here.
According to the definition of Z given by (52)—(53) and the operator split given by
(66)—(69), the additional design constraints of constant elastic and plastic entropy
and latent heat in Q and constant contact elastic and plastic entropy on I'), have
been introduced. The evolution of the temperature and contact temperature can be
computed locally. The time discrete weak form of the momentum balance, local
updates of elastic and plastic entropy, latent heat and internal variables in € and
elastic and plastic contact entropy and internal variables on 'V, take the form:

~ : 1 1 2
(611, GRAD[G]) = (B. ) = (fr. ), (£ 0" i), = 0.
H, = H,
H = =HP, -
) n+1 no
Ln+l = L,,
fﬁﬂ =I,+ J7n+1G{7]+1’
F,‘;H =TI, + AIG,H_],

(78a)

[7e e

(s I

F 1
H | =H, onr® (78b)

rcm =T+ Venn ch+1

and the temperature and contact temperature are locally updated accordmg

to @”'H - aH‘E en+l’ Hn’ %-D‘n+l’ “ﬁ‘l—l and ®Ln+1 aHﬁ ¢ gNn+l’gT,,+] ) H e §Cn+1 P
respectively.

3.6.1.2. Thermal phase. Using a BE scheme the time discrete weak form of the
energy balance equation, updated elastic and plastic entropy, latent heat and internal
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variables in € and elastic and plastic contact entropy and contact internal variables
on 'V, in the thermal phase, take the form:

1

E<®”+I (HZJrl - Hfl)’ CO) - (Qn+l ’ GRAD[KO]) - (R + Dnechnt1 CO)

+<Qn+1,§o> o <Q£1)+1, & §co> <QE2)+l (2)>r<1>

1 (4
+ E(G)C”“ (Hf’m - H"”)’ §"0>r<1>_<D"’meChn+l ’ 9‘0)1"“): 0

o

HZJrl == —8(.)\IJ(€;+1 5 ®n+1 5 San+1a 0‘)1+1)a in S—'z
At
Hz+1 = Hﬁ + Ie) Dthern+1 ,
n+1
Ly = L(Op41),
L =T+ Gy,
r,,=I+A,,,,
(79a)
At
_ 1 (2)
Hi’u+1 - ((:n +5 Oc”“ (an+1 an+|) O.,., D mechy1
onT® (79b)

At
HIZ,,H = HI({n + ®_Dc,ther,n+l,

Cn+l

rC’n+1 = rc’n + y6‘n+| Gl?u+1 ’

where ©,,,, = . E, (gNH], @ H | ;C,,H).
3.5.2. Isothermal split

In the isothermal split the coupled system of equations is partitioned into a
mechanical phase at constant temperature in  and constant contact temperature on
'V, followed by a thermal phase at fixed configuration. Note that, within the con-
text of the product formula algorithm, using the entropy form of the energy equa-
tion, the elastic entropy and elastic contact entropy computed at the end of the
mechanical partition is used as initial condition for the solution of the thermal
partition.

3.5.2.1. Mechanical phase. Noting that under isothermal conditions the plastic
entropy, latent heat and plastic contact entropy remain constant, the time discrete
weak form of the momentum balance equation, updated elastic and plastic entropy,
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latent heat and internal variables in Q and updated elastic and plastic contact

entropy and contact internal variables on I'" take the form:

<6-n+1 ) GRAD[“O]) - (B, 110) - <fﬂ+1 ) T]o) <t;(11421 ) Tlf)l) ﬂ§)2)>rm= 01

iy = =00 9(&51, O by Gunt ),

H), = H),
Z4}1-}—1 - Lna
lﬁ£+1 =T+ 37n+1Gp+1

L =T, +AG),

2 (A (s sea p

e (Y e I §

P — HP onr®
Cnt1 Cp’

I‘C,H,l = rfu + ycr1+l GE’V+1 .

It is pointed out that the design conditions ©,,; = ©, and ©

introduced in (80a), and (80b);, respectively.

Cn+1

(80a)

(80b)

= 0., have been

3.5.2.2. Thermal phase. Using a BE scheme the time discrete weak form of the
energy balance equation, updated elastic and plastic entropy, latent heat and inter-
nal variables in Q and updated elastic and plastic contact entropy and contact

internal variables on 'V take the form:

1

{01 (Hyp — 5, ). €0) = (Qui1. GRAD[)

- (R + DmechnH s {0) + <Qn+l s §0> ry <Q£,l13.1 s (D {c >l"“)

1
@ O B
<QF”+] é‘l >1"(1) Al<®c”+l (Hﬁnﬂ (‘n+l> é‘(0) (1)
- (Dc,mech,,H > ch)p(l): 0,

HfH_] = _aG)\IJ(efH_]’ ®n+l’ %—a,,ﬂ, (Xn+1),

At
H,, =H)+ Q—HDthernw
n
Ln+l = L(® I1+1)7
FZH =I,+ Vn+1GZ+1’

r’,, =T} +AG!

n+1°

inQ (81a)
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Hin-H = Hin+1 + ®C . (Qﬁn-)i»l + anil) + ®C . (Dc’meCh"+1 - Hn:'l> ’
n+ n+
AT
H, =H; + ®—D0»thern+1’ ton (D

Cnt+1

rcn+1 = rcn + Yenn GCn+1 .

(81b)

_ I, ea e
where e6’n+1 - 8HﬁEC (gNn+l ’ gT,,H s Hc,,H ’ gcn+1>'

4. Numerical simulations

The formulation presented in the previous Sections is illustrated here in a number
of representative numerical simulations. The goals are to provide a practical accu-
racy assessment of the thermomechanical model and to demonstrate the robustness
of the overall coupled thermomechanical formulation in a number of solidification

Fig. 1. Solidification of an aluminium ring into a steel mould. Initial geometry of the part and the mould.
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Fig. 2. Solidification of an aluminium ring into an steel mould. (a) Four-noded axisymmteric finite
element meshes for the part and the mould at the initial configuration; (b) deformed finite element mesh

at 90 s.

Fig. 3. Solidification of an aluminium ring into an steel mould. Finite element mesh at a deformed
configuration of 7=90 s. Detail of the deformed mesh at the corner areas.
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examples, including industrial processes. The computations are performed with the
finite element code COMET developed by the authors. The Newton—Raphson
method, combined with a line search optimization procedure, is used to solve the
nonlinear system of equations arising from the spatial and temporal discretization of
the weak form of the momentum and reduced dissipation balance equations.
Convergence of the incremental iterative solution procedure was monitored by
requiring a tolerance of 0.1% in the residual based error norm.

4.1. Solidification of an aluminium ring into an steel mould

This example deals with the numerical simulation of the solidification of an alu-
minium ring into an steel mould. Fig. 1 shows the initial geometry of the part and
the mould. Assumed starting conditions in the numerical simulation of the casting
process are given by a completely filled mould with aluminium in liquid state at
uniform temperature. The initial temperatures of the aluminium part and the steel
mould were 700 and 200°C, respectively. Only gravitational forces have been
assumed. The aluminium used for the part presents a sharp liquid-solid phase
change between 659 and 660°C.

Seg.

533733
47738
42222

R TER T
26538
200

seg.

Fig. 4. Solidification of an aluminium ring into a steel mould. Temperature distribution at different time
steps.
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Fig. 2a shows the four-noded axisymmetric finite element meshes, for both the
part and the mould, used in the analysis. Fig. 2b shows the deformed configuration
at 90 s of the analysis. A detail of the deformed mesh at the corner areas is shown in
Fig. 3.

Figs. 4-6 show the distribution of temperature, solid volume fraction and von
Mises effective stress, at different time steps. Fig. 7 shows the location of different
selected points of the part and the mould, where the time evolution of different
variables has been monitored. Figs. 8 and 9 show the time evolution of the tem-
perature and radial and vertical displacements, respectively, at the selected points
shown in Fig. 7.

4.2. Solidification of an AI-3Mg Si alloy driving wheel into a green sand mould

This example deals with the numerical simulation of the solidification of an Al-
3Mg Si alloy driving wheel into a green sand mould. Fig. 10 shows the geometry of
the part. Assumed starting conditions in the numerical simulation of the casting
process are given by a completely filled mould with an Al-3Mg Si alloy in liquid
state at uniform temperature. The initial temperatures of the alloy part and the

2 seg.
F 1
 oassm
arrrTe
(X
o 55595
44444
071313
. orza2
' o
o
15 seg. 19 seg.

Fig. 5. Solidification of an aluminium ring into a steel mould. Solid volume fraction distribution at
different time steps.
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Fig. 6. Solidification of an aluminium ring into a steel mould. Von Mises effective stress distribution at
different time steps.

A Node 424 Mould
B Node 965 Mould
C Node 314 Mould
D Node 11 Part
E Node 141 Part
F Node 55 Part
G Node 270 Mould
H Node 661 Mould
1 Node 360 Mould

Fig. 7. Solidification of an aluminium ring into a steel mould. Location of the selected points at the part
and the mould.
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Fig. 8. Solidification of an aluminium ring into a steel mould. Time evolution of the temperature at some
selected points of the part and the mould.



C. Agelet de Saracibar et al. | International Journal of Plasticity 17 (2001) 1565-1622 1601

0.0002 T
i D Noje 11  (Papt) —
i E Node 141 (Paft) ===
F Node 55 (Part)
0.00015 |- § SSRGS FNSRIS S — ! . i
0.0001 S—
g se-05 [
x
o
i o
3 .
A
[
B-5e-05
0.0001 fr
0.00015
-0.0002 | . i
) 10 20 30 T 50 6 70 80 90
Tine (8]
0.0002 T T T T T
Y 428 (Nopdd) —
| 3okt 5is (nebis) =
i C vode 31 (Nowld)
0.00015 SR S . - R R e
i i i
0.0001 e : $o 4
g 5e-05 J
M H
H | i
i r
b4
2 i
F :
ase-05 | .- . S B R S— BE—
|
~0.0001 A S S - g o
i i i
0.00015 + t
| i i
-0.0002 i 1 1
0 10 20 10 1) 50 50 70 80 50
Tine ()
0.0002 Y T T T
G 270 (Nopld) —
‘ X ::: 661 (Mohld) ----
I Node 360 (Nowld) -
0.00015 ,,l SR WP A se—
0.0001 ! e S + —
7 5e-05 | et :
M
i
b
2 | | i
&
&5e-05 fon - - — RO SR S . SRR USRS .
| | !
RTTT 7Y AR SE—— B R R — i ; 4
1 !
0.00015 — .
-0.0002 J 1 L i
o 10 20 30 w© ) 60 70 80 90
Tine (8]

Fig. 9. Solidification of an aluminium ring into a steel mould. Time evolution of the radial and vertical
displacement at some selected points of the part and the mould.



1602 C. Agelet de Saracibar et al. | International Journal of Plasticity 17 (2001) 1565-1622

0.0001 T T T T

T
| ) 11 (Papt) —
! i E 141 (Pake)
s0-05 |- - SR S _E.Hode 55 (Raxt) -
6e-05
te-05
E 2e-05
u
oo
¢
2
824-05
a
-te-05
i | | | |
-6e-05
6005 b B 5 S S ed
! I | ! |
-0.0001 i 1 H i
) 10 20 10 a0 50 60 70 80 50
Tine (3]
0.0001 T . -
H A Node 424 (Mould) —
| B Node 965 (Nopld) ---—-
8a-05 b . B S B S 316 (Mould) -
|
6e-05
H ]
4e-05
- i i
CHSRT I SRR SR SO SRR S
-
u
g ’ :
2 i i
T . s Sihr J
a
i i i i
4e-08 | SN SNSRI SO S IS SIS S SO
-6e-05
8e-05 |- — S S— "
-0.0001 L L + L
0 10 20 30 a0 50 0 70 ) 90
Tine (5]
0.0001 - -
i i G oNode 270
| | H Node 661
9e-05 | SOOI SRS S S 1.Noda 360 (Mould
6a-05
| |
de-05
! i
£ 2e0s po - - - e
-
o ’
2
B 2e-05 | et - . 4
a
i i ;
—te-05 : - H SRS S —. e
-6e-05 -
-8e-05 B OO SR WA S— -+ .
-0.0001 L 1 L L i
o 10 20 0 a0 50 60 70 80 90

Fig. 9 (continued).
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1603

Fig. 10. Solidification of an Al-3Mg Si alloy driving wheel into a green sand mould. Geometry of the

part.

o

Fig. 11. Solidification of an Al-3Mg Si alloy driving wheel into a green sand mould. Different views of
the finite element mesh used for the part.

I Anlal--FoloNol-NoN--lg
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Node 5835 Mould
Node 2368 Mould
Node 2431 Mould

Fig. 12. Solidification of an Al-3Mg Si alloy driving wheel into a green sand mould. Location of the

selected points at the part and the mould to plot the time evolution of selected results.
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green sand mould were 700 and 20°C, respectively. Only gravitational forces have
been assumed. The Al-3Mg Si alloy used for the part presents a liquid-solid phase
change between 590 and 640°C. Due to the geometry of the wheel, only a 1/5 section
of the part and the mould has been discretized, using around 25,000 tetrahedral
elements and 6400 nodes. Fig. 11 shows a view of the finite element mesh used in the
analysis. The analysis has been carried out in 56 time steps of 15 s. each.

Fig. 12 shows the location of different selected points to plot time evolution of
some results. Fig. 13 shows the temperature evolution at these selected points of the
part and the mould. A typical temperature plateau due to the release of latent heat
during solidification can be observed in these figures. It can also be shown that the
points located at the core (points D, E and F), take more time to solidify, up to 225 s
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Fig. 13. Solidification of an Al-3Mg Si alloy driving wheel into a green sand mould. Temperature time
evolution at selected points of the part and the mould.
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Fig. 13 (continued).

approximately, than the points located at the rim and at the external part (points A,
B, J and K), which take up to 125 s approximately.

Fig. 14 shows the location of the sections AA’ and BB’ selected to show the plot
contours of different results at various time steps. Fig. 15 shows the solidification
time on sections AA’ and BB’. Figs. 16 and 17 show the temperature distribution on
sections AA’ and BB’, respectively, at different time steps. Figs. 18 and 19 show the
solid volume fraction distribution on sections AA’ and BB’, respectively, at different
time steps. It can be shown that the mushy zone occupies a vast area and there is not
any internal area with metal in liquid state. This is due to a very high initial cooling
rate and a large difference between the solidus and liquidus temperatures. Figs. 20
and 21 show the distribution of the von Mises equivalent stress on sections AA’ and
BB’ respectively, at different time steps.
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Fig. 14. Solidification of an Al-3Mg Si alloy driving wheel into a green sand mould. Location of the
sections AA’ and BB’ selected to present plot contours of different results at various time steps.

Fig. 15. Solidification of an Al-3Mg Si alloy driving wheel into a green sand mould. (a) Solidification
time on section AA’; (b) solidification time on section BB’.
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Fig. 16. Solidification of an Al-3Mg Si alloy driving wheel into a green sand mould. Temperature
distribution on section AA’ at different time steps.
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Fig. 17. Solidification of an Al-3Mg Si alloy driving wheel into a green sand mould. Temperature
distribution on section BB’ at different time steps.
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Fig. 18. Solidification of an Al-3Mg Si alloy driving wheel into a
fraction distribution on section AA’ at different time steps.
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Fig. 19. Solidification of an Al-3Mg Si alloy driving wheel into a green sand mould. Solid volume
fraction distribution on section BB’ at different time steps.
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Fig. 20. Solidification of an Al-3Mg Si alloy driving wheel into a green sand mould. Von Mises stress
distribution on section AA’ at different time steps.
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Fig. 21. Solidification of an Al-3Mg Si alloy driving wheel into a green sand mould. Von Mises stress
distribution on section BB’ at different time steps.
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5. Concluding remarks

A formulation of coupled thermoplastic problems with phase-change and ther-
mofrictional contact has been presented. The formulation has been consistently
derived within a thermodynamic framework. Viscous strains and phase-change
straining have been taken into account. A particular J2 thermoplastic model has
been considered in which the material properties have been assumed to be tempera-
ture dependent. Operator splits of the governing differential equations, and their
nonlinear stability properties, have been discussed. Within the isentropic operator
split, additional split design constraints have been introduced. The formulation
developed has been applied in a number of representative numerical examples,
including industrial solidification processes.
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Appendix A. Thermoplastic return mapping algorithms

In this Appendix we summarize the main steps involved in the thermoplastic
return mapping algorithms for the mechanical and thermal problems arising from
the isentropic operator split. Note that for the mechanical problem an isentropic
return mapping algorithm is performed, while for the thermal problem the classical
isothermal return mapping is performed.

Mechanical problem

Step 1 (Trial state kinematics). Given the initial data {e,, ®,} and database
{el, &, «,} at time 7, and prescribed €, at time 7,1, set:

ptrial |

— P
en-‘rl =€
trial .__
§n+1 L é:ns
etrial .__ ptrial
€l =€+l — €,
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and
d trial . __ d At d etrial
ev[eiYl] := dev[ax,] + ————dev[eT — &, ],
T, trial + At
ot
- At At -
al A trial A
trf o™ = tr{ex,,] + ————tr[eps1 — o)) — ———[é(® —e(0y)],
[ n+1] " Trial + Al " " T rial + Al[ ( n+1) ]
n+l1 n+1
where
trial .__ _devtrial trial
Hnp1 " 77"»1+1 /2Mn+1’
trial .__ __voltrial trial
Kngl " nvn+l /3Kn+1’
and

2(647) = 3a(O}H) (647 — Ow) + e (647).

é(09) = 3a(0)(Og — Orer) + ().

Step 2 (Trial temperature). Compute trial (isentropic) temperature at time #,,| at
constant elastic entropy HY.
IF (constant material properties) THEN

®trial — é(eelrial He

trial trial
n+1 n+l > n’g )’

1 Kl
with
H:; = H(’(e;’ ®n’ Sns (xn),

ELSE

Solve for O the implicit nonlinear equation:

fye ( ~etrial trial gtrial ~ trial e __
H (enJrl ’ ®n+l’ $n+1’ o‘nJrl) - Hn - 0’

with
H = H(e5, Oy, &y, o).

END IF
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Step 3 (Trial (generalized) stresses). Compute trial generalized stresses at trial tem-

trial
perature ©, .
trial .__ trial "tl’lal etrial
Sp1 = deV[O'nH] ,uaneV[ €nr1 — (x"]’

ial ._ trial Atrial aly _ 4
P;rrl = Ki,nﬁ trle,y 1 — o] — ;,rr1[ (621611) - 3(80)],

qtrial = —K (Elrlal @trlal)’

n+1 n+1° ~n+l
where
trial
Atrial . __ Mont1 trial
1 T Tl A
M1
trial
~trial Kn+1 trial
n+1 "7 _trial Kn+1’
rK + At
n+l
with
trial ., dev trial trial
tMn+| - hz+1 /2 Myt1s
trial .__ voltrlal trial
Knl " Vn+l /3 ”+1’
and

E(O8H) = 3a(OE) (O — 0.0 + e (@4H).
é(09) = 3c(O0)(Orer) 4 €”(Op).

Step 4 (Trial yield function). Compute trial yield function at constant temperature
®,, as a consequence of the additional design constraint of constant plastic entropy.

~

) A h
ol = b(otit. it 0) = Isit] —3Ducen — ]

trial
IF &7 <0 THEN

Set(:),41:= (-);Tll and update database

RETURN

END IF
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Step 5 (Isentropic return mapping). Perform an isentropic return mapping algorithm
at constant elastic and plastic entropy.

IF (constant material properties) THEN

Solve for y,4 the implicit nonlinear equation:

cI>n-4—1 = CIA)(O‘H_H, qn+1, ®11) =0
with
Opy1 = ®(ef,+1a H,t;v Entls (XnJrl)v

ELSE
Solve for y,4 and ©,,4; the implicit nonlinear set of equations:

D,y = ff)(()'nH, Gn+1, ©n) =0, }
0,

He(enJrh Ontt, Enti, Oln+l) - HZ =

END IF
where
. ﬁ 41 ial ~ 2
canrl = ﬁirial |S;r_l:1 ” - 2M71+lyn+1 - \/;D}O(@n) - 6]n+1],
n+1

qn+1 = _IA(E(EnHv Ony1),

y 2
§n+1 = ";::,rrll + \/;VnJrl’

:&n+1 trial ~ trial
Sn+1 = Zmar Sutl — 2Mn+l)/n+1nn+1v
n+1

DPnt1 = Knpitr[€n — ] — Knp1[6(Op41) — €(Op)],

At
dev[et,1] = dev[e, ] + oy Sntls

Vn+1

At
tr[o‘n+1] = tr[o‘n] + Vol 3pn+1 s

Vi1
with _
/1 | = LNJ | Mtrial . L’lﬁl‘ trial
A
’en-‘rl = Tt Kn+1,

T + AL
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and
T = Moty 20t Tt = 2,
Tepr =10 /3kni1s

and

é:(@fﬂ-l) = 30‘(®n+1)(®n+1 - ®ref) + epx(@n—&-l)a

é(09) = 30(0)(Og — Orer) + ().

Step 6 (Update database and compute stresses).

P ___ptrial trial
€1 = €nt1 +y’1+1nn+l’

, 2
En-&-l = }l;lall + \/;]/n-k—l,

t At
Cpp1 = Oy + —=Spi1 + o Pusi13,
Vn+1 Vn+1
la”Jrl trial A trial
Sn+1 = Zimar Su+l — ZMnJrlynJrlnn_;,_p

n+1
Pnt+1 = I€n+1tr[€n+l - &y — /2n+1(®n+1) - é(("30)]7

Optl = Pntl 13 + Sp+1,

where

trial .__ trial/”Strial

0 = Sut/ 1Su+1

9

é\(®trial) — 3a(®tria1) (@Lrjrall _ ®ref) + eps((_)trial)’

n+1 n+1 n+1

e(0) = 3a(0)(Og — Orer) + €”(Oy).

and
T trial
n . Kt Atrial . Hnt1 trial
fAnet = —"" ety ) = e Mg
Ty, + AL T8+ At
~ TKn+l
Kp+l = Kn+1,

T + AL
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with
dev trial .__ devtnal trial
T 7= Moy /2Mn 41, Ty = e 2
__ . vol
Thepsr UMH /3Kn+l-
Thermal problem

Step 1 (Trial state (kinematics)). Given the initial data {e,, ®,} and database
{el, &, ,} at time 7, and prescribed {e,11, O,11} at time 7,11, set:

ptrial | p
en-‘,—l =€

trial .
Enrj-d] = El’la

etrial . ptrial
Cntl = Cntl — €y s
and
dev[a] := devlex,] + Ldev[e“mll — ]
n+l1] - — n + At n+1 nj
TM'HI

where
_ ev
T,uwrl . TIV,,+] /2/J"7+1

Step 2 (Trial (generalized) stresses). Compute trial generalized stresses at current
temperature ©,.

trial .__ trial ] __ etrial trial
sy = dev[ony] = 2unprdev[es !t — agnd ],

ial . 1
qyt;fl = K; (é;,r_:_ap ®n+1)

Step 3 (Trial yield function). Compute trial yield function at current temperature
®n+l-

~

) ) 2
q);rrll = CI)( :,r-l:ll’ qzn_‘_dlls ®n+l) = H S:,r_l:ll ” - \/;[y0(®n+l) qzr-:-dll]

trial
IF @, <0 THEN
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Set (+),11:= ();Tl] and update database

RETURN
END IF

Step 4 (Isothermal return mapping). Solve for y,,,| the implicit nonlinear equation:
Dyt i= P(Cutt, Gyt Oppt) =0

with
. trial 2
D1 = Y] = 2nt1 + Va1 — §U0(®n+l) = qns1],
- 2
Ent1 = ;j.dll + \/;VM—L
qn+1 = —[A(g(fm-l, ®11+1)-

Step 5 (Update database).

VA __ptrial trial
€1 = €yt TVt
trial 2
gn—&-l = Sp+1 +\/;Vn+l7
At At
Oyl = Oy + —=Spi1 + o Pt 13,
Vnt1 Vnt1
where
trial . trial trial
m - _Sn+1/||sn+l )

Spt+1 = S;rfll - 2lln+l)/n+lngi+allv
Pt = Knatr[€n1 — 0] — Ky 1[6(Oy11) — €(Oy)],
é;(@trial) — 3a(®tria1)(®trial)(@flri_ﬁl _ ®ref) + eps(@trial)’

n+1 n+1 n+1 n+1

e(09) = 3a(0)(Og — Ors) + €”(Oy),
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with
T
A o Mn+1
Mnt1 = —Aﬂn-s-l,
Tliu+1 + !
~ TKUH
Kn-H = 7K}1+17
TKn+l + Al
and

dev

T/ln+l = 77%, /2I‘Ln+1 )

. vol
TKIH»I T nv,,+1 /3Kn+l :

Step 6 (Plastic mechanical dissipation).

2 1 2 3
Drtes = 1or@rs A1+ b fonr 45

Vn+1 V1

Appendix B. Thermofrictional return mapping algorithms

In this Appendix we summarize the main steps involved in the thermofrictional
return mapping algorithms for the mechanical and thermal problems arising from
the isentropic operator split.

Mechanical problem

Step 1 (Trial state (kinematics)). Given the initial data {gNn, gfg} and the database
i g7 Ocn, ;Cn} at time ¢,, and prescribed data { N1 85, ] at time #,41, set:

atrial | pa
Torr " ngn’

trial .__
Coer = S,

Cnt+l

_ o trial

eatrial ga .
T . Tt Trn1
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Step 2 (Trial contact temperature). Solve for @5,:1;‘]' the implicit nonlinear equation:
ex trial trial  .trial (N
H (gN”Jrl ’ g;}m ’ ®Cn+l ’ é‘C‘wrl) - Hl'n =0,
with

Hin = H§<gN”7 g%v G)cnv ;0,,)-

Step 3 (Trial (generalized) traction).

L g ) —len)’

Y RENTT/ ing,M #gN s
ZN”+1 T 2 gNn+l - gNn !
enlgn,a ) if gn,, = 8w,
trial .__ eftrial
leH] T ETMaﬁ/x+l gT”Jr] ’

qtrial — —BQK,(;UM] ®trlal)

Cn+1 Cnt1 Cn+1

Step 4 (Trial slip function). Compute trial slip function at fixed contact temperature
®,,, to satisfy the design constraint of constant plastic contact entropy.

S trial
f_ (I’LO (O('/x) - qc,,l_H ) [Nn+l

trial .__ trial trial b‘“ al
q>‘n+l = q> (IN,H], ZT+17 cn» an+1> - ” n+1 re

bm al
Tan+1 n+1 T/Sn+l

with Ht <ttr1al Mﬂtﬁ trial )1/2.

trial
IF @(f":‘l <0 THEN
Set (),41:= (-8 and update database

RETURN

END IF

Step 5 (Isentropic return mapping). Solve for y.,,, and ®,,,, the implicit nonlinear
set of equations:

®c”+1 = q)c(tNH+l ’ tTer] ’ ®C”’ q('u+l) = 0

203 ea e _
HC(gNu+] s 8T, ®Cn+1 ’ ;c’nH) - Hc,, =0,
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where
@, = th Tt || of (/}“O(G)Cn) - qc,,+1)th+1 ’
e = 5, = veertih /||
G, = ey M ]

__ otrial
Ccu+l =¢ + Yeur1 INpir s

Cntl
epyy = —B;K,KC(C(;”“ ’ ®L’u+1)’

5 1/2
with ”tT ol = (tTa,,+1Mz+1tTﬂn+l> .

ref

Step 6 (Update database and compute contact traction).

po ___patrial trial b"“‘l
Thrr = 8Tun + yc”*l tTﬁnJr]/ Ty

_ otrial
é.cuﬂ - gc,,ﬂ + y0n+1 th+1 ’

1T, ‘= €TMap,,, &5 T1+]

an+l = a{( (§¢n+l ’ Cn+l ) .

Thermal problems

Step 1 (Trial state (kinematics)). Given the initial data {gy,, g7,} and the database
{g”T‘: , 0, ¢, } at time ¢,, and prescribed data {gu,.,, g"}ﬂﬂ} at time ¢, 1, set:

o trlal
Tn+l gl} ’

trial .__

é-c;1+l T ;C”v
eo tnal _ patrial
Tn+l - gTr+1 Tn+l

Step 2 (Trial contact temperature). Solve for @Lrial the implicit nonlinear equation:
n+1

: At trial trial
etrial _ pre __ )] (2)
an+l ch - @lrial ( Cn+l + QCerl ’

Cnt1
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where

Cpt1? 2Cpyl

etrial . eo trial trial  strial
HC;HI = H <gN"+l ’ gT1+I ’ ®3 ; )’
e .__ fye
Hc” T Hc(gN, 7gT”a ®(n ;tn)

a )lrml ~(1) trial (1) trial
QC;1+] - hCO]’ld (th+l ’ ®Cn+1) <®n+l - ®Crr+1 ) ’

Cnt1 Cnt1

Qg}:ial — ]:l\g))nd (tN,,_H , ®tr1dl> <®,(72421 _ @ITiH]) .

Step 3 (Trial (generalized traction).

1 (gle+1>2_<gN”>2 .

- S EN B ingn+1 7£ 8N,>
tN”+I T 2 gNn+l - gNH
enlgn,. ); ifgn,., # &n,
trial  .__ eBtrial
tTmH—I " GTMaﬁanT”“ >

Cnt1? 7 Cngl

trial . > trial trial
qct’l;ll = a&K(’({rla ®r1a)

Step 4 (Trial slip function).

trial .__ A trial trial trial | __ || ¢b
®Cn+l T Q) (ZN”*] ’ tTmH»l’ OC/H»I’ qcn+l> - HtTrHl

A @trial trial
(MO (Ocn+l ) qC/H»l ) Nut1

1/2 .
— tna] tnal trial
ref ( Tont1 MaJrl T, +]> . IF q>(7r1+| <0 THEN

ptrial

with ”t

Set(),,1:= ()" and update database

RETURN
END IF
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Step 5 (Isothermal return mapping). Solve for y,,,, and ©,

ey the implicit nonlinear
set of equations:

A

q>cn+l = QC(IN“+I ’ leHr] ’ ®Cn+] ’ qﬂ+l) = 0

At At )
e _ pe _ (0] (2
ch+1 ch - ®L’n+1 (Q Crtl + Q n+l) @("”H Dc,mech,,ﬂ )
where
. b A
q>fn+] T HtT,,+1 ref_(uo(®c/1+l) - qclx+l)th+l’

A

Hy, = H; (gszgu,, Oi)

H, = H(gn, 855 Ocrs a,):

08t = a1y 06, ) (001 = 04,
Qﬁfi, = h(c%))nd(thl’ ®Clz+l)<05724)—1 ®f‘n+l>’
Dc’-,meChuH = V(fuﬂﬁo(@(’m)tf\’m/At’

_ trial trial ptrial
[Ty = Tont1 Yeu €TIT, ,1+1/Ht Tt

7

7
ref

o o trial B mal prial
gl;,, gz} 1 + yfﬂ+le‘l(+1 TﬂlHl/Ht

n+]

__ otrial
é-(r’u+l - ; + y("u+l tNr1+l ’

Cnt+1

an+l = _8C<»k¢'(§l‘n+l ’ ®l‘n+l)7

ptrial /3 1/2
with ”t o <fTw+1Mf;+ltTﬂn+l> :

Step 6 (Update database).

pa ___patrial trial ptrial
Tos1 — OTyq + y"rH—l n+1tTﬁu+l/ t Tyt ref ’

trial
é’clf+l = { + ycll th+1 .

Cntl
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