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Abstract

This paper deals with a numerical formulation for coupled thermoplastic problems includ-
ing phase-change phenomena. The final goal is to get an accurate, efficient and robust
numerical model, allowing the numerical simulation of solidification processes in the metal
casting industry. Some of the current issues addressed in the paper are the following. A fractional
step method arising from an operator split of the governing differential equations has been used
to solve the nonlinear coupled system of equations, leading to a staggered product formula
solution algorithm. Nonlinear stability issues are discussed and isentropic and isothermal
operator splits are formulated. Within the isentropic split, a strong operator split design con-
straint is introduced, by requiring that the elastic and plastic entropy, as well as the phase-
change induced elastic entropy due to the latent heat, remain fixed in the mechanical problem.
The formulation of the model has been consistently derived within a thermodynamic frame-
work. The constitutive behavior has been defined by a thermoelastoplastic free energy func-
tion, including a thermal multiphase change contribution. Plastic response has been modeled
by a J2 temperature dependent model, including plastic hardening and thermal softening. A
brief summary of the thermomechanical frictional contact model is included. The numerical
model has been implemented into the computational Finite Element code COMET developed
by the authors. A numerical assessment of the isentropic and isothermal operator splits,
regarding the nonlinear stability behavior, has been performed for weakly and strongly coupled
thermomechanical problems. Numerical simulations of solidification processes show the perfor-
mance of the computational model developed. © 1999 Elsevier Science Ltd. All rights reserved.

1. Introduction

Numerical solution of coupled problems using staggered algorithms, is an effi-
cient procedure in which the original problem is partitioned into several smaller
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sub-problems which are solved sequentially. For thermomechanical problems the
standard approach exploits a natural partitioning of the problem in a mechanical
phase, with the temperature held constant, followed by a thermal phase at fixed
configuration. As noted in Simo and Miehe (1992) this class of staggered algorithms
falls within the class of product formula algorithms arising from an operator split of
the governing evolution equations into an isothermal step followed by a heat-con-
duction step at fixed configuration. A recent analysis in Armero and Simo (1992a,b,
1993) shows that this isothermal split does not preserve the contractivity property of the
coupled problem of (nonlinear) thermoelasticity leading to staggered schemes that are
at best only conditionally stables. Armero and Simo (1992a,b, 1993) proposed an
alternative operator split, henceforth referred to as the isentropic split, whereby the
problem is partitioned into an isentropic mechanical phase, with total entropy held
constant, followed by a thermal phase at fixed configuration. It was shown by Armero
and Simo (1992a,b, 1993) that such operator split leads to an unconditionally stable
staggered algorithm, which preserves the crucial properties of the coupled problem. The
aim of the paper is to extend the formulation given by Armero and Simo (1992a,b,
1993) and Simo (1994) to coupled thermoplastic problems with phase-change, to get an
accurate, efficient and robust numerical model, allowing the numerical simulation of
solidification processes in the metal casting industry.

The remaining of the paper is as follows. Section 2 deals with the formulation of the
local governing equations of the coupled thermoplastic problem, consistently derived
within a thermodynamic framework. An additive split of the strain tensor and the
entropy has been assumed. The constitutive behavior has been defined by a thermo-
elastoplastic free energy function, with temperature dependent material properties.
Latent heat associated to the phase-change phenomena has been incorporated to the
thermal contribution of the free energy function. Plastic response has been modeled by
a J2 temperature dependent model, including nonlinear hardening due to plastic
deformation and thermal linear softening. A pressure and mean gas temperature
dependent thermal contact model has been used. Additionally, a gap dependent ther-
mal model has been used to take into account surface heat transfer phenomena when
the two bodies lose contact. Heat generation due to frictional dissipation has been also
included. This Section ends with the variational formulation of the coupled problem.

In Section 3, fractional step methods arising from an operator split of the gov-
erning differential equations are considered. Isentropic and isothermal splits are
introduced and nonlinear stability issues linked to the splits are addressed. A key
point of the formulation of the isentropic split is the set up of the additional design
constraints to define the mechanical problem. Here, a strong operator split design
constraint is introduced, by requiring that the elastic and plastic entropy, as well as
the phase-change induced elastic entropy due to the latent heat, remain fixed in the
mechanical problem. These additional constraints motivate the definition of the sets
of variables and nonlinear operators introduced in the present formulation. Within
the time discrete setting, the additive operator splits lead to a product formula
algorithm and to a staggered solution scheme of the coupled problem. Finally, the
time discrete variational formulation of the coupled problem, using isentropic and
isothermal splits, is introduced.
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Section 4 deals with a numerical assessment of the accuracy and stability proper-
ties of the operator splits for weakly and strongly coupled thermomechanical pro-
blems and with the numerical simulation of solidification processes. Numerical
results are compared with available experimental data.

Some concluding remarks are drawn in Section 5. For convenience, a step-by-step
formulation of the return mapping algorithms within the mechanical and thermal
problems arising from an isentropic split is given in an Appendix.

2. Formulation of the coupled thermoplastic problem

We describe below the system of quasi-linear partial differential equations gov-
erning the evolution of the coupled thermomechanical initial boundary value pro-
blem, including thermal multiphase change and frictional contact constraints.

2.1. Local governing equations

Let 2 < ngim < 3 be the space dimension and [ := [0, 7] C R, the time interval of
interest. Let the open sets Q C R™= with smooth boundary 92 and closure
Q 1= QU HQ, be the reference placement of a continuum body B.

Denote by ¢ : Q x | — R™n the orientation preserving deformation map of the
body B, with material velocity V := 9,40 = ¢, deformation gradient F := D¢y and
absolute temperature © :QxI—R. For each time e, the mapping
t €l ¢, := (., 1) represents a one-parameter family of configurations indexed by
time ¢, which maps the reference placement of body B onto its current placement
S; 1 p,(B) C R,

The local system of partial differential equations governing the coupled thermo-
mechanical initial boundary value problem is defined by the momentum and energy
balance equations, restricted by the inequalities arising from the second law of the
thermodynamics. This system must be supplemented by suitable constitutive equa-
tions. Additionaly, one must supply suitable prescribed boundary and initial condi-
tions, and consider the equilibrium equations at the contact interfaces.

2.1.1. Local form of momentum and energy balance equations
The local form of the momentum and energy balance equations can be written in a
first order system form as (see e.g. Truesdell and Noll, 1965),

p=V _
poV = DIV[o] + B inQxl (1)
©H = —DIV[Q] + R + Di

where p, : @ — R is the reference density, B are the (prescribed) body forces per
unit reference volume, DIV[-] the reference divergence operator, o the Cauchy stress
tensor, H the entropy per unit reference volume, Q the (nominal) heat flux, R the
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(prescribed) heat source and Djy,, the internal dissipation per unit reference volume.
Formally, the governing equations for a quasi-static case, may be obtained just by
setting pg = 0 in Eq. (1).

2.1.2. Dissipation inequalities

The specific entropy H and the Cauchy stress tensor o are defined via constitutive
relations, typically formulated in terms of the internal energy E, and subjected to
the following restriction on the internal dissipation, (see e.g. Truesdell and Noll,
1965,

Di=0:¢+0OH—E>0 inQxl ()

where € := SYMM|[F — I] is the infinitesimal strain tensor. Here SYMM [-] denotes
the symmetric operator and I is the second order identity tensor.

The heat flux Q is defined via constitutive equations, say Fourier’s law, subjected
to the restriction on the dissipation by conduction

Dcon:——GRAD[ ]10>0 inQxl (3)

2.1.3. Thermoplastic constitutive equations

Micromechanically based phenomenological models of infinitesimal strain plasti-
city adopt a local additive decomposition of the strain tensor into elastic and plastic
parts. Hardening mechanisms in the material taking place at a microstructural level
are characterized by an additional set of phenomenological internal variables col-
lectively denoted here by &,. In the coupled thermornechanical theory. an additive
split of the local entropy into elastic and plastic parts is adopted, where the plastic
entropy is viewed as an additional internal variable arising as a result of dislocation
and lattice defect motion. This additive split of the local entropy was adopted by
Armero and Simo (1993). The above considerations, motivate the following additive
split of the infinitesimal strain tensor € := €° + €” and local entropy H := H° + HY
and the following set of microstructural internal variables G := {€", H", &,}.

The internal energy function E depends on the elastic part of the strain tensor €,
the hardening internal variables &, and the configurational entropy H¢, taking the
functional form E = E(e°, H¢, &,). Introducing the functional form of the internal
energy into the expression of the internal dissipation, taking the time derivative,
applying the chain rule and using the additive split of the infinitesimal strain tensor
and total entropy, a straightforward argument yields the following constitutive
equations and reduced internal dissipation inequality

0= e (e, H°E,),  © = 0y E(e, H, &), % := —0g, E(e°, H', &),

. N C))
Dint *= Dmech + Diner =0, With Dipech i =02 € + B*E, =0 and Dyper 1= OH".

Using the Legendre transformation W = E — ®H, the free energy function takes
the functional form ¥ = W(e’, O, &,). Taking the time derivative of the free energy
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function and applying the chain rule, a straightforward argument yields the follow-
ing alternative expressions for the constitutive equations

0= 0. V(e, 0, &), H :=—doW(e, 0,&), B i=—0 Ve 0,8) (5

Assuming a yield function of the form ® = ®(o, %, ©), the evolution laws of the
internal variables, assuming associated flow, take the form

& 1= y8,D(c, 6%, ©), & = ydpd(o, 4, 0), H =yded(o, % 0), (6)

and the following Kuhn-Tucker y>0, ® <0, y® = 0 and consistency y® = 0 con-
ditions must be satisfied for a rate-independent plastic model.

Additionally, the heat flux is related to the absolute temperature through the
Fourier’s law, that for the isotropic case takes the form Q = —K GRAD [©].

Remark 1. Equivalent forms of the energy balance equation. Using the additive split of
the total entropy into elastic and plastic parts and the additive split of the internal
dissipation into mechanical and thermal, the reduced energy equation can be expressed
as

©H = —DIV[Q] + R + Dyech. (7

Alternatively, using the constitutive equation of the elastic entropy, taking its time
derivative and applying the chain rule, the temperature-form of the reduced energy
equation can be written as

c0® = —DIV[Q] + R + Dpech — H? with
o 1= —OR (e, 0, &), ®)
H? = -0 U(e’, ©,&,) : € — O, U(e*, ©,&,) : &,

where ¢ is the reference heat capacity and H? the structural elastoplastic heating.

Remark 2. Thermal phase-change contributions. The free energy function for a coupled
thermomechanical model including phase change can be splitted into thermoelastic
Wy, thermoplastic V,,, thermal (except phase change) W, and thermal phase change
Wy contributions, taking the functional form, W= ‘i/tc)(Ge, ) + \il,p(®, &)
F0,(0) + B (). )

Collecting into a thermoelastoplastic part W, (€, ©, &) all the terms appearing into
the free energy function, except the thermal phase change contribution, and setting
H = H¢, + H¢, with H’ :=—d0W,,(€,0,&) and H¢, := —0oWV,.(®), the

tep tpc tep * tpc
reduced energy balance equation in entropy form, can be written as

OH, = —DIV[Q] + R 4 Dpeeh — H* with

tep —

H* =L =OH, = —08W,(0)-6,

©)
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where HP := L is the phase-change heating given by the rate of latent heat L per unit
reference volume.

Similarly, the reference heat capacity can be splitted into cy = co,, + co,, Where
€0, = —ORoViep(€°, ©, &) and ¢, = —OF o Vc(®), and the temperature form of
the energy balance equation takes the form

C(]mp@ = _DIV[Q] + R + Dmech - HPC — Hep Wlth

. . . (10)
H' = L= ¢, 0 = -0, V() 6.

Remark 3. Mechanical modeling of the liquid phase. The mechanical behavior in the
liquid, for an isothermal liquid—solid phase change at the solidification (melting) tem-
perature ©,,, or in the liquid and mushy zone for a non isothermal liquid-solid phase
change given by the liquidus and solidus temperatures ®; and Oy, respectively, has been
modeled by using a modified shear modulus in the liquid phase defined as
G; = (1 —f1)G, where f; € 0, 1] is the liquid fraction.

For an isothermal phase change, the liquid fraction takes the form
fi(®) = H(® — ©,,), where H() is the Heaviside function. In this case, the gradient of
the liquid fraction must be interpreted in a distributional sense and takes the form
Vi(®) = 8(® — ©y,), where 8() is the Dirac delta function.

For a non-isothermal phase change, a simple definition of the liquid fraction is a
piecewise-linear C° function. Alternatively, a C' regularized liquid fraction function
may be introduced, leading to a more convenient modeling from the point of view of the
rate of convergence of the numerical solution.

2.2. A J2-thermoplastic constitutive model

Here the following J2-thermoplastic constitutive model described in Boxes 1 and 2
has been considered. The thermoplastic and hardening contributions to the free
energy function presented in Box 1 are uncoupled, as suggested by experimental
results in Zbedel and Lehmann (1987). All the thermomechanical material properties
may be temperature dependent. A particular interest has been placed in considering
the case in which the specific heat is temperature dependent and the latent heat is
non-zero. Note that in this case the functional related to the pure thermal con-
tribution is obtained using an integral expression.

2.3. Thermomechanical contact model

Here only a brief summary of the constitutive thermomechanical contact for-
mulation will be presented. The interested reader is addressed to Agelet de Saracibar
(1997, 1998), and references there in, for further details.

Mechanical contact has been modeled by using a penalty regularization technique.
Contact pressure ¢y has been characterized by a constitutive equation of the form,

d

. 1
In= deu Ut(gn), ie Ut(gn) =5enign)’, (11
gN 2
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where gy is the normal gap and ey is a normal penalty parameter.
The frictional constitutive response is governed by the following constrained pro-
blem of evolution

['thbT = ETV’)T - J/STathcD(th, ty, &),

. (12)
E=y el

where £} is the frictional traction, v} is the relative slip velocity, £ is the slip hard-
ening/softening internal variable, here chosen to be the (accumulated) frictional
dissipation, e is a tangential penalty parameter, £,,() denotes the Lie derivative
along the flow generated by the relative slip velocity and y and ®(#, 1y, &) are the
slip consistency parameter and slip function, respectively, subjected to the following
Kuhn-Tucker complementarity and consistency conditions

=0, O(th, iy, <0, y(th, 13, §) =0, 3
y @ .6 =0 if bty 1y.6=0. (13
We refer to Laursen (1992), Laursen and Simo (1991, 1992, 1993a,b) and Agelet de
Saracibar (1997, 1998) for further details on the formulation of frictional con-
tact problems.

A thermal contact model at the contact interface is considered, taking into
account heat conduction flux through the contact surface, heat generation due to
frictional dissipation and heat convection between the interacting bodies when they
separate one from each other.

Heat conduction through the contact surface Qjconq has been assumed to be a
function of the normal contact pressure ¢y, the mean gas temperature ®; and the
thermal gap gg, of the form

thond - /’;cond(tN, ®G)g®- (14)

Heat convection between the two bodies arise when they separate from each other
due to a shrinkage process taking place during solidification. Heat convection coef-
ficient has been assumed to be a function of the mechanical gap. Then the heat
convection has been assumed to be modeled as

Ohconv = ]:l\conv(gN)g(-)- (1 5)

We refer to Wriggers and Miche (1992, 1994) and Agelet de Saracibar, (1997b) for
further details on the formulation of thermal contact models and thermomechanical
contact formulations.

2.4. Variational formulation
Using standard procedures, the weak form of the momentum balance (we will

assume the quasi-static case for simplicity) and reduced energy equations take the
following expressions:
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m Free energy function

}(e%,€,0) = W(e®,0) + M(e,0) + T(0) + K (¢,6)

i. Linear hyperelastic response (u(@) > 0, (©) > 0),

W (€, 0) = W(dev[e?], ©) + Ule, ©)
W (dev(e®), 0) = w(®) dev’[ef], U(e,0) = Lr(O)e?,
where e = tr[e®] = tr[e] = € : 13.
ii. Thermoelastic coupling,

M(e,0) = —3k(8)a(0)(6 — Oy)e.

iii. Thermal contribution (cs(©) > 0),

IF (cs(©@)=constant AND L(©) = 0) THEN

T(6) = pocs[(© — 6o) — O log(0/6y)],

ELSE
. °] R o . [C] _ . = dé
7(6)= [ 76(6)46, T0(6) = [ lpes(®) + 0%
END IF

iv. Hardening potential,

R(6,6) = (0" ~ [10(6) ~ u (O (©),
where

g(e) = 4 € = (1 —exp(=6¢))/6, if 6 #0;
H@)'_{o, ;f(s:o.

Box 1. J2-Thermoplastic constitutive model: free energy function.

(o, GRADI[n]) = (B, no) + (£, mp)ro + (t. M),
(OH, {o) — (Q. GRAD[%]) = (R + Dineen. o) — (0. So)r, — (Q. Zo)r,

(16)



C. Agelet de Saracibar et al./International Journal of Plasticity 15 (1999) 1-34

m Thermoelastic response

i. Cauchy stresses,

o=pls+s,
s =2u(@)dev[e?], p=rK(O)e—3k(O)a(O)(O — Oy).

ii. Elastic entropy,
IF (cs(@)=constant AND L(©) = 0) THEN

H® = pocs 10g(©/6y) + 3k(0)a(O)e — Ko (£)
— Wo(€%,0) + 3[k(0)d/ (O) + k' (0)a(O)](O — Op)e,

ELSE
H = :[pocs(@) + L’(@)]d—@—@ +35(0)a(O)e — Ko(£)
- W(;(ee, 0) +3[k(0)'(8) + K'(6)a(O)](6 — Byp)e,
END IF

m Thermoplastic response

i. Von Mises yield criterion with flow stress oy (©) := yo(O),

. 2
$0,0,6) = ldeviol - [2lov(©) ~dl <0
ii. Hardening variable ¢ conjugate to &,

g := =0 = —[h(6)¢ — (Y0(©) — Yoo (©)) (1 — exp(—6¢))].

iii. Linear thermal softening,

Y0(©) = y0(©0)[1 — wo(© — Oop)],
yoo(e) = yoo(QO)[l - woo(e - QO)L
h(©) = h(Oo)[1l — wr(O — Op)].

Box 2. J2-Thermoplastic constitutive model: thermoelastic and thermoplastic responses.
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which must hold for any admissible displacement and temperature functions 7, and
o, respectively. We refer to Agelet de Saracibar (1998) for notation and further
details on the derivation of these weak forms and, particularly, on the expressions
related to the thermomechanical frictional contact contributions.

3. Time integration of the coupled thermoplastic problem

The numerical solution of the coupled thermornechanical IBVP involves the
transformation of an infinite dimensional dynamical system, governed by a system
of quasi-linear partial differential equations into a sequence of discrete nonlinear
algebraic problems by means of a Galerkin finite element projection and a time
marching scheme for the advancement of the primary nodal variables, i.e. displace-
ments and temperatures, together with a return mapping algorithm for the
advancement of the internal variables.

Here, attention will be placed to the time integration schemes of the governing
equations of the coupled thermoplastic problem. In particular, we are interested in a
class of unconditionally stable staggered solution schemes, based on a product for-
mula algorithm arising from an operator split of the governing evolution equations.
These methods fall within the classical fractional step methods.

3.1. Local evolution problem

Consider the following (homogeneous) first order constrained dissipative local
problem of evolution, see Simo (1994),

d ,_ S
EZ_A[Z,I‘] 1nQ>f[0, 1], 17
Zlo=2Zy, inQ
along with
%r = yGIZ.T] inQx[0.7], a9
F|[:0 =0 in Q,

where Z, lying in a suitable Sobolev space Z, is a set of primary independent vari-
ables, is a set of internal variables, A[Z, I'] and G[Z, T'] are nonlinear operators and
y>=0 is a multiplier subjected to the classical Kuhn—Tucker conditions for a rate-
independent plasticity model. In the formulation of the fractional step method
described below, it is essential to regard the set of internal variables I' as implicitly
defined in terms of the variables Z via the evolution Eq. (18). Therefore Z are the
only independent variables and their choice becomes a crucial aspect in the for-
mulation of the fractional step method. We refer to Simo (1994) for further details.

Consider the set of conservation/entropy/latent heat variables Z and the set of
internal variables T' defined, respectively, as
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Z:=|p P, H H L} and T :=]€" &} (19)

where ¢ is the deformation map, p := poV denotes the material linear momentum,
H* and HP are the elastic entropy (including phase change contributions) and plastic
entropy per unit reference volume, respectively, L is the latent heat per unit refer-
ence volume, €” the plastic strain and &, the strain-like hardening variables. The
choice of Z becomes motivated by the design constraints introduced in the isentropic
operator split described below and it can be considered as an extension to phase-
change problems of the choice given in Simo (1994).

All the remaining variables in the problem can be defined in terms of Z and T" by
kinematic and constitutive equations. In particular,

i. The elastic strain €° := € — €’ .

ii. The Cauchy stress tensor o := deE(e, H*, &,) and stress-like hardening vari-
ables B := —dg, E(e’, H°€,).

iii. The temperature O :=dpE(e’, H°,&,) and nominal heat flux
0 = —-K GRADIO].

With these definitions in hand, and assuming zero body forces and zero heat
sources, the governing evolution equations of the thermoplastic problem can be
written in the form given by Eqgs. (17) and (18) where the nonlinear operators
A[Z,T] and G[Z, T'] take the form

1
D@[ ]
g A~
A Z I\ .—— 1 1 - aa'cb(o-’ ﬁa’ ®)
[2.T)i= § = EDIVIO + & P 1 GIZ T = { Jrg 7 b 20)
%,Dther
H[)(,’

where the phase-change heating H' is given by
HY i= — O o Yipe(©).0, 1)
and the mechanical dissipation Dyec, and thermal dissipation Dy, are given by
Dinech ‘= T : GIZ,T]20, Diper 1= yOdod(a, %, O), (22)
where, using a compact notation, we denoted as =7 := [o7, 8] the generalized stresses.

3.2. A-priori stability estimate

For nonlinear dissipative problems of evolution nonlinear stability can be phrased
in terms of an a-priori estimate on the dynamics of the form

%L(Z,r)so for ¢ € [0, 7] (23)

where L() is a non-negative Lyapunov-like function.
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For nonlinear thermoplasticity, see Armero and Simo (1993), consider an exten-
ded canonical free energy functional £() defined as

2
LZT) = j (P 4 Bes, e, £) — ©0HIARQ + Ve(9), (24)

Q 2p0

and assume that the following conditions hold:

1. zero heat sources, i.e. R =0,

2. conservative mechanical loading with potential Vi (), i.e. B=—08,Vx(®),

3. dirichlet boundary conditions for the temperature field with prescribed con-
stant temperature ® > 0, i.e. ® = ©p on 9Q x [ and 'x =0A.

Then, L£() is a non-increasing Lyapunov-like function along the flow generated by
the thermoplastic problem and a straightforward computation shows that the fol-
lowing a-priori stability estimate holds:

4z = —j 90 [ D + Deon]d2 <0 in [0, 1. (25)
&z e

This condition is regarded (see Armero and Simo, 1993), as a fundamental a-priori
stability estimate for the thermoplastic problem of evolution which must be preserved
by the time-stepping algorithm.

3.3. Operator splits

Consider the dissipative problem of evolution given by Egs. (17) and (18) with the
associated non-increasing Lyapunov-like function £() given by Eq. (24). Consider
an additive operator split of the vector field 4 = AV + 4 leading to the following
two sub-problems

Problem 1 Problem 2
Z=A4Y[z 1), Z=49[ZT), (26)
T =yG[Z,T], T =yG[Z,T].

The critical restriction on the design of the operator split is that each one of the sub-
problems must preserve the underlying dissipative structure of the original problem, i.e.

%a(zw, r'“)<0,a=1,2. (27)

where ¢ — (Z<“>, I‘<°‘>) denotes the flow generated by the vector field A o =1,2.

Two different operator splits will be considered here. First, following Armero and
Simo (1992a,b, 1993) an isentropic operator split, which satisfies the critical design
restriction mentioned above, is considered. This split is compared next with an
isothermal operator split, which does not satisfy the design restriction.
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3.3.1. The isentropic operator split
Consider the following additive isentropic-based operator split of the vector field
A|Z,T]:
AZ,T] = AV[Z T+ 42[Z, T (28)

1s¢ 1s¢

where we define the vector fields Al(sle) and Afszg as

1 0
L0 0
) DIVIeT | o) Lprv 1
AQZ T =1 o {422 T]:={ " gPNVIA+gGDPnen ¢, (29)
0 %Dther
0 HPE
and consider the following two problems of evolution:
Problem 1 ~ Problem 2
AES‘J[Z ), } = AQ[Z.T), } (30)
=yG[Z, T, = yG[Z,T).

Within this operator split, Problem 1 defines a mechanical phase at fixed entropy
and Problem 2 defines a thermal phase at fixed configuration. Note that a strong
condition has been placed in the Problem 1, by the additional requirement that not
only the entropy must remain fixed, but also the elastic and plastic entropy, as well
as the latent heat. Note also that the evolution of the plastic internal variables is
imposed in both problems.

Denoting by 7+— (Z@, (@) the flow generated by the vector field Afg;), a=1,2a
straightforward computation shows that the following stability estimates hold:

%E(Z(”,I‘(”)z JD(” dQ<0 Zc(Z”,r(Z)):—J o0 [D<2) + PP 1dQ <0,
Q

mech mech con
€2y
where Dme)ch, Do ) and ®@ are the mechanical dissipation, thermal heat conduction
dissipation and absolute temperature, respectively, in Problem o, @ = 1, 2.

Thus, the isentropic split preserves the underlying dissipative structure of the ori-
ginal problem.

3.3.2. The isothermal operator split
Consider the following additive isothermal-based operator split of the vector field
A|Z, T
A[Z,T):= AV[Z, T+ A2z, T, (32)

180 180

where we define the vector fields A and A? as

180
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1 0
£o 0
DIV[U] 1 1 op
fslo)[Z I‘] = %H(’p ffg[Z I‘] - @DIV[Q] + @(Dmech - H 1)
0 % Dlher
0 HP
(33)
and consider the following two problems of evolution:
Problem 1 Problem 2
Z Az, 1y, Z Az, 1], (34)
= yG[Z, T, = yG[Z,T].

Within this operator split, Problem 1 defines a mechanical phase at fixed tem-
perature and Problem 2 defines a thermal phase at fixed configuration. Note also,
that the evolution of the plastlc internal variables I' is imposed in both problems

Denoting by ¢—(Z“T®) the flow generated by the vector field AISO ,a=1,2,a
straightforward computation shows that the following stability estimates hold:

%c(zlk rd) = J D) dQ +J (1 —%)Hf”“)d§2<0,

d .70 @ @) @ ©0 1 ep2)
ac(z ,T?) = — L @[Dmch + D2 1dQ2 — J (1 7DdQ <0,

(35)

where Dfngch,DE‘fm HP@ and ©® are the mechanical dissipation, thermal heat
conduction dissipation, structural elastoplastic heating and absolute temperature,
respectively, in Problem o, = 1, 2.

The contribution of the structural elastoplastic heating to the evolution equations
of each one of the problems arising from the isothermal operator split, breaks the

underlying dissipative structure of the original problem.
3.4. Product formula algorithms

The additive operator split of the governing evolution equations leads to a pro-
duct formula algorithm and to a staggered solution scheme of the coupled problem,
in which each one of the subproblems is solved sequentially. Remember that the set
of internal variables I is viewed as implicitly defined in terms of the set of variables
Z, which are considered to be the only independent variables. Therefore, our interest
here is placed on the time discrete version of the evolution Eq. (17), and the update
in time of the variables Z usmg a time-stepping algorithm.

Consider algorithms K(At [-] being consistent with the flows t+—(Z® @),
o = 1,2, and dissipative stables, i.e. which inherit the a-priori stability estimate on
the dynamics given by Eq. (27). Then the algorithm defined by the product formula:
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2 1
Kald] = (K& o kL)1) (36)

is also consistent and dissipative stable. For dissipative dynamical systems if each of
the algorithms is unconditionally dissipative stable, then the product formula algo-
rithm is also unconditionally dissipative stable. This product formula algorithm is
only first order accurate. A second order accurate product formula algorithm can be
defined through a double pass technique given by (see Strang, 1969),

K- = (K2 0 K 04,11 (37)

Note that, according to Egs. (31) and (35), algorithms based on the isothermal
operator split will result in staggered schemes at best only conditionally stables and
only an isentropic operator split leads to unconditionally (dissipative) stable product
formula algorithms.

3.5. Time discrete variational formulation

The use of an operator split, applied to the coupled system of nonlinear ordinary
differential equations, and a product formula algorithm, leads to a staggered algorithm
in which each one of the subproblems defined by the partition is solved sequentially,
within the framework of classical fractional step methods. We note that contrary to
common practice, the evolution equations for the microstructural internal variables
are enforced in both phases of the operator split, as in Armero and Simo (1992b,
1993, 1994). A Backward—Euler (BE) time stepping algorithm has been used and
two different operator—splits have been considered.

3.5.1. Isentropic split

In the isentropic split, first introduced by Armero and Simo (1992a,b, 1993) the
coupled problem is partitioned into a mechanical phase at constant entropy, fol-
lowed by a thermal phase at fixed configuration, leading to an unconditionally stable
staggered scheme. The additional design constraints of constant elastic and plastic
entropy and latent heat, in the isentropic mechanical phase have been introduced.
An efficient implementation of the split can be done using the temperature as pri-
mary variable. See Armero and Simo (1992a,b, 1993) and Simo (1994) for further
details.

3.5.1.1. Mechanical phase. The mechanical problem is solved at constant entropy.
For the sake of simplicity, only the quasi-static case will be considered. According to
the definition of Z given by Eq. (19) and the operator split given by Eqs. (28)—(30), the
additional design constraints of constant elastic and plastic entropy and latent heat,
have been introduced. The evolution of the temperature can be computed locally.
The time discrete weak form of the momentum balance and the local updates of
elastic and plastic entropy, latent heat and internal variables, take the form:



16 C. Agelet de Saracibar et al./International Journal of Plasticity 15 (1999) 1-34

(Gp+1, GRAD[1]) = (B, mg) + (tus1, Mo)re + (tat1, )T,

HZ-H = H,,
H | =H, (38)
£n+l - Lm

l_‘n-k—l = I‘n + );n+lG~n+17

and the temperature is locally updated according to @nﬂ = BH«E(éf; 41 Hys %TWH).

3.5.1.2. Thermal phase. Using a BE scheme the time discrete weak form of the energy
balance equation and updated elastic and plastic entropy, latent heat and internal
variables in the thermal phase take the form:

1 ,
A_l <®n+l(H;é1+1 - HZ), §0> - (QnJrlv GRAD[{O]) =
(R + Drmeeh,, - 80) — (Qns1: S0dry — (Ot o),

Z+1 = _aG)\IJ(eAZ;p ®)1+11 EaﬂJrl)a (39)
lez-&-l = Hﬁ + Dthel’,H,] s
®n+1

Ln+l = L(®n+l)’
Fn+l - rn + yn+lGn+l .

3.5.2. Isothermal split

In the isothermal split the coupled system of equations is partitioned into a mechan-
ical phase at constant temperature, followed by a thermal phase at fixed configuration.
Note that, within the context of the product formula algorithm, using the entropy form
of the energy equation, the elastic entropy computed at the end of the mechanical par-
tition is used as initial condition for the solution of the thermal partition.

3.5.2.1. Mechanical phase. Noting that under isothermal conditions the plastic
entropy and latent heat remain constant, the time discrete weak form of the
momentum balance equation, updated elastic and plastic entropy, latent heat and
internal variables take the form:

(6ur1. GRAD[n]) = (B, 1) + (tas1, M) To + (Eag1. Mo)r
FIZ.H = _a(-')\i"(g;e;.;_] > ®n» gan+l)a

me

H,,, = H, (40)
inJrl = an

fn+l = rn + )7n+1G~n+l7

3.5.2.2. Thermal phase. Using a BE scheme the time discrete weak form of the energy
balance equation and updated elastic and plastic entropy, latent heat and internal
variables take the form:
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1 -
E(®H+I(HZ+1_HZ+1)9 o) — (@41, GRAD[]) =
(R + Duech,s, — Hh 14 %0) — (Qurt, 0)T0 — (Ot o),

f,+1 = —3@\IJ(EZ+1, Ouns1, Eant1),
At
[ /Y
HIZ-&-I - Hn + ® Dlheru+1 >
n+1

LﬂJrl - L(®n+l)’
Lop1 =00+ vy 1Goyr

(41)

4. Numerical simulations

The formulation presented in the previous sections is illustrated here in a number
of representative numerical simulations. First a numerical assessment of the accu-
racy and stability behavior of the isothermal and isentropic operator splits is pre-
sented in the context of quasi-static and fully dynamic cooling analysis of a
thermoelastic and thermoplastic pressurized thick walled cylinder. Next, the goals
are to provide a practical accuracy assessment of the themiomechanical model and to
demonstrate the robustness of the overall coupled thermomechanical formulation in a
number of solidification examples, including industrial processes. The computations
are performed with the finite element code COMET developed by the authors. The
Newton—Raphson method, combined with a line search optimization procedure, is
used to solve the nonlinear system of equations arising from the spatial and temporal
discretization of the weak form of the momentum and reduced dissipation balance
equations. Convergence of the incremental iterative solution procedure was mon-
itored by requiring a tolerance of 0.1% in the residual based error norm.

>>/4 Insulated
P, =200 N/mm?

R, =100 mm
N T, = 320 °C
R, =200 mm

|
=

Fig. 1. Cooling of a pressurized thick-walled cylinder. Initial geometry and boundary conditions.
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4.1. Numerical assessment of the operator split algorithms
4.1.1. Cooling of a thermoelastic/thermoplastic thick walled cylinder

In this problem a quasi-static and fully dynamic cooling analysis of a thermo-
elastic and thermoplastic pressurized thick walled cylinder is presented. The goals
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Fig. 2. Quasi-static cooling of a thermoelastic pressurized thick-walled cylinder. Radial displacement and
temperature at the inner and outer surfaces. Using isentropic and isothermal operator splits, for a weakly
coupled (Case 1) and strongly coupled (Case 2) cases.
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here are to provide a numerical assessment of the accuracy and stability behavior
showed by the isothermal and isentropic operator splits, in weakly (Case 1) and
strongly (Case 2) coupled problems. To get a strongly coupled problem, the thermal
expansion coefficient o has been, unrealistically, multiplied by a factor of 6 in the
quasi-static cases and by a factor of 3 in the fully dynamic cases.

. .
Radial displacement Temperature
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Fig. 3. Quasi-static cooling of a thermoplastic pressurized thick-walled cylinder. Radial displacement and
temperature at the inner and outer surfaces. Using isentropic and isothermal operator splits, for a weakly
coupled (Case 1) and strongly coupled (Case 2) cases.
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Figure 1 depicts the initial geometry of the problem, as well as the prescribed

boundary conditions. Plane strain conditions are assumed in the axial direction, so
that a unit band of axisymmteric finite elements need only be considered. The inner
and outer radii adopted are R;=100mm and Ry =200 mm, respectively. The mate-
rial properties are assumed to be (linearly) temperature dependent. The initial tem-
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Fig. 4. Dynamic cooling of a thermoelastic pressurized thick-walled cylinder. Radial displacement and
temperature at the inner and outer surfaces. Using isentropic and isothermal operator splits, for a weakly

coupled (Case 1) and strongly coupled (Case 2) cases.
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perature of the cylinder is 593 K, while the reference (ambient) temperature is 293 K.
Different (constant) convection coefficients are considered for the inner, 7=1.16 N/
mm s K. and outer, #=0.01 N/mm s K, surfaces. The simulations are performed by
applying a pressure of 200 N/mm? at the inner face of the cylinder. Standard bi-lin-
ear isoparametric axisymmetric finite elements are employed.
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Fig. 5. Dynamic cooling of a thermoplastic pressurized thick-walled cylinder. Radial displacement and
temperature at the inner and outer surfaces. Using isentropic and isothermal operator splits, for a weakly
coupled (Case 1) and strongly coupled (Case 2) cases.
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Fig. 6. Solidification of an aluminium cylinder in a steel mould. Geometry of the problem.
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Fig. 7. Solidification of an aluminium cylinder in a steel mould. (a) Temperature evolution at the casting
center, casting surface and mould surface for an intermediate section. (b) Radial displacement evolution
at the casting surface and mould surface for an intermediate section.

The results obtained for the quasi-static analyses are collected in Figs. 2 and 3 for
a thermoelastic and a thermoplastic constitutive response, respectively. Figures 4 and
5 collect the results obtained for the fully dynamic analysis, assuming a ther-moelastic
and a thermoplastic constitutive response, respectively. In each of these figures, it is
shown for the Cases 1 and 2, the radial displacement and temperature evolutions at
the inner and outer surfaces, obtained using isentropic and isothermal operator
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Fig. 8. Solidification of a Renault Clio crankshaft. Finite element mesh of the part.

splits. As expected, these figures show that for strongly coupled problems (Case 2)
the isothermal split leads to a completely unstable behavior ending with a blow-up
of the solution. while the isentropic split provides the right solution. Despite this
fact, for weakly coupled problems the two splits provide practically the same solu-
tion. This behavior has been shown in quasi-static and dynamic analyses, as well m
for thermoplastic and thermoplastic constitutive responses.

4.2. Numerical simulations of solidification processes

4.2.1. Cylindrical aluminium solidification test

This example, taken from Celentano et al. (1996), is concerned with the solidifi-
cation process of a cylindrical aluminium specimen in a steel mould. The geometry
of the problem is shown in Fig. 6. Assumed starting conditions in the numerical
simulation are given by a completely filled mould with aluminium in liquid state at a
uniform temperature of 670°C. The initial temperature of the mould is 200°C. The
material properties for the aluminium have been assumed to be temperature depen-
dent, while constant material properties have been assumed for the steel mould. The
external surfaces of the mould as well as the upper surface of the casting metal have been
assumed perfectly insulated. A constant heat transfer coefficient /., = 10 N/mm s K
and a gap dependent convection—radiation coefficient between the aluminium and the
steel mould has been assumed. Only gravitational forces have been assumed. Further
details on the geometrical and material data can be found in the above reference.

Spatial discretization of the casting cylinder and the mould has been done using a
finite element mesh of axisymmetric 3-noded triangles. Numerical simulation was
done up to 90s. of the solidification test using a time increment of 1 s.

Figure 7(a) shows the temperature evolution at the casting center, casting surface
and mould surface for an intermediate section. A typical temperature plateau due to
the release of latent heat during solidification can be seen in the casting center point of
this section up to 15s approximately. Figure 7(b) shows the evolution of the radial
displacements at the casting and mould surfaces for the same intermediate section.
The difference between the two curves gives the gap distance evolution at the chosen
section. Temperature and air gap evolution predicted by the model compare very well
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{=1000 s .

Fig. 9. Solidification of a Renault Clio crankshaft. Temperature distribution at different stages of the
solidification process.
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t=1000 s.

t=1500 s.

{=2000 s.

1=2500 s.

t=3000 s.

1=3600 s.

Fig. 10. Solidification of a Renault Clio crankshaft. Temperature distribution at different stages of the
solidification process. Section x—y.
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=1000 s.

{=1500 s.

t=2000 s.

t=2500 s.

t=3000 s.

1=3600 s.

Fig. 11. Solidification of a Renault Clio crankshaft. Temperature distribution at different stages of the
solidification process. Section x—z.
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=300 s.

t=500 s,

Fig. 12. Solidification of a Renault Clio crankshaft. Evolution of the mushy zone. Temperature dis-
tribution at different stages of the solidification process. Sections x—y and x-—z.
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Fig. 13. (a) Solidification of a Renault Clio crankshaft. Temperature evolution at different points.

with experimental results. A data sensitivity analysis has shown a strong influence of
the heat convection coefficient, between aluminium and mould, in the temperature
evolution.

4.2.2. Solidification of a Renault Clio crankshaft

This example deals with the numerical simulation of the solidification process of
an industrial part, in this case, a Renault Clio crankshaft. Geometrical and material
data, as well as experimental results, were provided by Renault. Fig. 8 shows a view
of the finite element mesh used for the part, consisting of nearly 15000 4-noded tet-
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Fig. 13. (b) Solidification of a Renault Clio crankshaft. Temperature evolution at different points.

rahedral elements. The sand mould has been discretized using around another 30000
4-noded tetrahedral elements.

The temperature distribution at the part at different stages of the analysis, using a
quarter section view, is shown in Figs. 9-11 show the temperature distribution on
sections x—y and x—z, respectively, of the deformed shape of the part. In these Fig-
ures it is also clearly shown the evolution of the gap between the part and the mould.
The evolution of the mushy zone, given by the temperature evolution at the liquid—
solid transition phase, is shown in Fig. 12. A comparison between the computed and
the experimental temperature evolution at different points is shown in Fig. 13(a) and
(b), where a good agreement is observed.
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5. Concluding remarks

A formulation of coupled thermoplastic problems with phase-change has been
presented. The formulation has been consistenly derived within a thermodynamic
framework. A particular J2 thermoplastic model has been considered in which the
material properties have been assumed to be temperature dependent. Operator splits
of the governing differential equations, and their nonlinear stability properties, have
been discussed. Within the isentropic operator split, additional split design con-
straints have been introduced. A numerical assessment of the accuracy and non-
linear stability properties of the isentropic and isothermal splits has been performed.
Numerical results obtained in the simulation of solidification processes show a good
agreement with the experimental data available.
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Appendix A. Return mapping algorithms

In this appendix we summarize the main steps involved in the return mapping
algorithms for the mechanical and thermal problems arising from the isentropic
operator split. Note that for the mechanical problem an isentropic return mapping
algorithm is performed, while for the thermal problem the classical isothermal
return mapping is performed.
A.1. Mechanical problem

A.1.1. Step 1: trial state (kinematics)

Given the initial data {e,, ®,} and database {eﬁ, E,,} at time 7, and prescribed €,
at time f,,1, set:

ptrial . _p
n+1 =€,
trial . __
%‘n+1 L é}?s
etrial .__ p trial
ntl = €ntl — €y -

A.1.2. Step 2: trial temperature

IF (constant material properties) THEN
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®trial = ®(en+1 s Hf,a Etrial) with Cpt1 = '[I'[E,H_1] and H:; = He(em ®m En)’

n+1 n+1

ELSE

Solve for ®' the implicit nonlinear equation:

‘ye trial gtrial e __
H (en+lv ®n+l’ %_IH—I) - Hn =0.

END IF

A.1.3. Step 3: trial (generalized) stresses

strial . dev[o,trial] — 2Mtrialdev[6e trial]’

ntl - n+1 n+1 n+1

trial .__ z.trial trial trial trial
pn-H = k11+le”+1 - 3Kn+1an+l(®n+l - ®0)’
trial .__ o (strial  trial
Qn+1 = _K%‘(EIHI’ On+1 :

A.1.4. Step 4: trial yield function

N ~ y N y 2
) 1= ot ) 0 =1 55 | O g

IF ol <0 THEN

n+1=3

Set (), := (');rifll and update database

RETURN
END IF

A.1.5. Step 5: isentropic return mapping

IF (constant material properties) THEN
Solve for y,,; the implicit nonlinear equation:

trial
nrrl]

q)n-H = (/I\)(Un-&-l» qn+1, ®n) = 0 with ®n+l = @(en-Ha HZv %-n-i—l)’

ELSE

Solve for y,;1 and ®,,;; the implicit nonlinear set of equations:

~

Dy = ci)(a'nJrlv qn+1, ®n) =0, }
He(en-Hv ®n+17 sn-H) - HZ =0,

END IF
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Hnt1 2
D1 =]l i,rfll l :lml 2ln1 Vsl — \/;[VO(G)n) — qnt1],

n+1

2
Enpl = %_,tﬁra]l \/;Vn+l»

qn+1 = _Ké(énJrl’ Oni1)

A.1.6. Step 6: update database and compute stresses

e & trial trial
€nt1 = €nt1 + Vo1l 1,
trial Mn+1 trial
Sn+1 = 8,11 trial 2I'Ln+lyn+1nn+] s
n+1

D1 = knp1€p1 — 3kng10,41(0441 — Op),

Oni1 = Ptz + Spp,

where

ntrial . tl‘ldl/ ” strlal ”

n+l * n+1 n+1

A.2. Thermal problem

A.2.1. Step 1: trial state (kinematics)

Given the initial data {e,, ®,} and database {eﬁ, g,,} at time ¢, and prescribed
{€n+1, Opt1} at time £,41, set:

ep trial . p

n+l €
trial . __
énJ,»l L sl’lv
e trial .__ p trial
ntl = Entl T €4

A.2.2. Step 2: trial (generalized) stresses

trial trial e trial trial trial

s =dev[o, 1 = 2u,devie, 1], g1 = —Ke(§,5, Ontr).

A.2.3. Step 3: trial yield function

. n . 2 .
trial . trial trial trial trial
(Dnrfl = (I)(o'nrfl, an1+a1’ ®n+1) :H snrjral ” _\/; D}O(®n+1) - anJlral
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IF otial <) THEN

n+1
Set ()41 = ()" and update database
RETURN
END IF

A.2.4. Step 4. isothermal return mapping
Solve for y,,.| the implicit nonlinear equation:

q)n-H = é\D(o'n-',-l y dn+1, ®n+l) = 0 with

5 2
Dyt =l ST =284 1 Va1 + \/; Do(Ont1) = Gny1ls

' 2
Engpl = ’thlall + \/; ) ZES )
Gnr1 = —Ke(€np1, Opyr).

A.2.5. Step 5: update database

P ___ptrial trial
€rpl = €1 T Vnril s

where

trial .__ trial trial
n+l sn+1/ ” sn+l ” .

A.2.6. Step 6: plastic mechanical dissipation

2
Dmech,,H = \/g Vn+1y0(®n+1)/Al'
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