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Abstract This paper investigates the capacity of solid
finite elements with independent interpolations for displacements and strains to address shear, membrane
and volumetric locking in the analysis of beam, plate
and shell structures. The performance of the proposed strain/displacement formulation is compared to
the standard one through a set of eleven benchmark
problems. In addition to the relative performance of
both finite element formulations, the paper studies
the effect of discretization and material characteristics. The first refers to different solid element typologies (hexahedra, prisms) and shapes (regular, skewed,
warped configurations). The second refers to isotropic,
orthotropic and layered materials, and nearly incompressible states. For the analysis of nearly incompressible cases, the B-bar method is employed in both standard and strain/displacement formulations. Numerical
results show the enhanced accuracy of the proposed
strain/displacement formulation in predicting stresses
and displacements, as well as producing locking-free
discrete solutions, which converge asymptotically to the
corresponding continuous problems.
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1 Introduction
Finite element modelling is a common practice today
in the design and structural assessment of new and existing engineering structures. It has been a long way
to come to this point with important milestones incluuding: technological advances in computer hardware,
making personal computers with large processing capacities accessible to engineering offices; incorporation
of Finite Element (FE) method courses into engineering curricula, training new engineers on the use of FE
models; and continuous research on the further development of FE technologies (e.g. finite elements, constitutive models, etc.), enhancing the reliability on the accuracy of FE solutions. Despite the important changes in
the used tools and training in the engineering practice,
the FE formulations employed today and those of the
first FEM applications in the 1950s share a common
standpoint; the use of (standard) displacement based
finite elements.
Displacement based finite elements (referred hereafter to as standard FEs) have a single primal variable,
which is the displacement field at the nodes. Standard
elements are conveniently used for the analysis of any
engineering structure and form the basis of the vast
majority of commercial and research FE software. Nevertheless, under certain conditions related to the material properties, the geometry and the discretization,
standard FEs suffer from important inefficiencies that
influence the accuracy of the FE solution. Element locking is one of the most common pathologies, referring
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to the computation of displacements that are orders of
magnitude lower than the actual solution [1, 2, 3]. Element locking is common under certain loading (e.g.
shear locking under bending), geometry (e.g. locking
of thin plates) and material conditions (e.g. volumetric
locking in incompressible materials). Additionally, the
accuracy of standard FEs is sensitive to mesh distortion (e.g. warped elements, small aspect ratios, irregular shapes).
The lower accuracy in the computation of displacements has an immediate effect in the calculation of
stresses, and thus in the structural analysis of engineering structures. For instance, the design of a new shell
structure or the structural assessment of an existing one
depends on the capacity to identify accurately the compressive and tensile stress fields within them. This is especially important for shell structures made from materials with low tensile capacity, as for instance masonry,
the equilibrium of which relies in the formation of a system of compressive thrusts within the thickness of the
shell [4, 5, 6]. Membrane locking is a common pathology when modelling curved thin shells under bending
with standard FEs [7, 8, 9, 10], attributed to the poor
choice of the displacement interpolation space and thus
the inability to model pure bending modes. The result of membrane locking is an artificial increase in the
stiffness and the erroneous estimation of displacement
and stress fields. Similarly, standard FEs used for the
modelling of thin plates under bending exhibit severe
shear locking manifested again as a spurious increase
of the transverse shear strains resulting in an overstiff
response [9, 2, 3]. Standard FEs suffer also from volumetric locking in quasi-incompressible situations, such
as when Poisson’s ratio approaches a value of 0.5 [2].
The use of solid elements for modelling structural elements, such as beams, plates and shells,
has always been attractive due to their versatile use for modelling arbitrary geometries (e.g.
linear/curved, thin/thick), construction details (e.g.
element-stiffeners, web-perforated steel beams, layered
elements), as well as transitions between different structural elements. Solid elements allow for the use of general strain-driven constitutive relationships and they
avoid the introduction of rotational degrees of freedom
and awkward boundary conditions alternatives (“soft”
and “hard” supports), as well as compatibility issues
when the structural model requires more than one type
of element. Additionally, the discretization of a structural element with solid elements avoids the introduction of additional kinematical hypotheses (e.g. planar
sections, shear stresses and warping through the thickness, etc.).
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The above motivated the development of the solidshell concept by Wriggers and coworkers [11, 12, 13],
Hauptmann et al. [14, 15] and Sze et al. [16], which used
only displacement degrees of freedom and proved to be
locking-free in many situations. Having as their objective the material and geometrical non-linear modelling
of shells and deep drawing processes of metal sheets,
solid-shell elements make use of the assumed enhanced
method (EAS) to include higher order modes, which
standard linear FE quadrilateral elements do not possess, in order to improve their bending behavior. EAS,
introduced by Simo and Rifai [17] and extended by
Simo, Armero, Taylor and Pister [18, 19, 19, 20], is conceived as a mixed method in which the additional strain
modes are discontinuous and defined elementwise, so
that they can be solved at element level, thus yielding only displacement degrees of freedom at the nodes.
The enhancing modes were firstly termed as incompatible modes, and later as non-conforming modes. Additionally, the Assumed Natural Strain method (ANS)
was called into play to circumvent shear and membrane
locking [14, 16, 21, 22, 23]. In parallel, hexahedral elements with reduced integration and hourglass stabilization were also used in this context [24, 25]. These
successful elements rely in the improvement of the discrete strain field with the addition of selected strain
modes, which are devised ad-hoc so that the enhanced
element shows the desired performance. However, for
those elements that are stable, these enhancements cannot achieve a higher asymptotic rate of convergence of
displacements than that of the underlying lineal element. Interpolating with the full quadratic polynomial
would be required for achieving this. Convergence of
strains, obtained by discrete differentiation of the displacement field, is one order lower, resulting in turn in
a poor convergence of stresses. Wriggers and Korelc [13]
give an early road map for later developments and Kim
et al. [21] offer an overview of them.
In this work, we present a thoroughly different approach for the analysis of structural elements under
the aforementioned conditions in which standard displacement based FEs fall short in accuracy and reliability: the use of finite elements with independent interpolations for strains and displacements (referred hereafter to as ε/u FEs). This procedure is closely related
to using the mixed Hu-Washizu and Hellinger-Reissner
variational principles [26]. Both interpolated fields, displacements and strains, are complete and continuous,
or fully compatible and conforming, and their respective values are solved at the nodes of the mesh. In fact,
equal interpolations are used for both of them. Consequently, this work does not present a new element
technology, but the assessment of a mixed solid finite
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element formulation applied to the challenging problem
of shell behavior.
The advantages of such setting are manifold: (i) the
corresponding continuum and discrete variational formulations are fully general and straight-forwardly derived from the strong form of the problem, (ii) beam,
plate or shell behavior hypotheses are not invoked or
enforced, (iii) the ε/u FEs can be used in 2D and 3D,
and they can be of any shape (triangular, quadrilateral,
tetrahedral, hexahedral, prismatic) and support any degree of interpolation (linear, quadratic, etc.), (iv) standard full numerical integration rules are used, (iv) the
ensuing FE formulation, if stability is ensured, displays
not only better displacement accuracy, but more importantly, a higher strain and stress asymptotic rate of
convergence than the corresponding standard FE, (vi)
sensibility to mesh distortion is very small, and (vii)
due to the choice of an independent interpolation of the
strains, rather than the stresses, the ε/u FEs are readily
available for nonlinear analysis, as most of the constitutive models used in FE practice are strain-driven [27].
The use of two primal variables instead of one, as
in standard FEs, positions the present element in the
category of multifield FE approaches and in particular
in the mixed FE approaches [28]. Once the problems
related to the stability of mixed formulations are satisfactorily addressed [29, 30], they are able to overcome
all the above deficiencies of the standard formulation,
providing accurate and locking-free solutions in both
displacements and stresses [31]. Evidence is provided
to show that the increase in the number of degrees of
freedom is overturned by the greater rate of convergence.
The paper presents the use of ε/u FEs in the analysis of eleven benchmark problems of beam, shell and
plate structures. These benchmark tests are those commonly used in FE literature to test elements in the situations of interest and they cover several aspects influencing the accuracy of standard FEs. The first one
concerns loading situations inducing element locking,
such as bending of thin plates and shells. The second
one refers to different discretization choices, such as element types (hexahedra vs. prisms) and shapes (regular
vs. distorted meshes).The third one is the simulation
of isotropic, orthotropic and layered materials. Finally,
the last investigated aspect is related to the analysis of
nearly incompressible materials (ν ≈ 0.5). In this latter
case, we employ the use of the B-bar method [32, 33, 34]
to address volumetric locking.
The paper is structured in the following way. Section
2 presents the finite element formulation with independent strain/displacement interpolations, and section 3
the implementation in a Finite Element (FE) frame-
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work. The use of the B-bar method in both standard
and ε/u FEs is described in section 4. Section 5 presents
the application of ε/u and standard formulations in a
set of eleven problems of beam, shell and plate structures. The paper closes with some concluding remarks
in section 6. Five appendices at the end of the paper
present the details related to the implementation and
the numerical parameters of the ε/u FEs, as well as a
comparison with different solid-shell and solid FE formulations.

2 Independent ε/u finite element interpolation
This section presents the finite element formulation
with independent ε/u interpolations in compact form
adopting Voigt’s convention for symmetric tensors. The
detailed form of the vectors and matrices used hereafter
is reported in Appendix A. The present finite element
formulation belongs in the family of mixed formulations
that simultaneously resolve multiple fields of interest
[30], the displacements and the strains in this case.
The mechanical boundary value problem of interest
is defined in terms of the displacement u, the strain ε,
the stress σ and the force f vectors. The compatibility
equation (1) establishes the local relationship between
the strain and displacements fields as
ε = Su

(1)

where S is the symmetric gradient operator. Cauchy’s
equilibrium equation (2) relates the local stresses with
the body forces as
ST σ + f = 0

(2)

where S T is the differential divergence operator, adjoint
to S in Eq. (1). Finally, the constitutive equation (3)
associates the stress and strain vectors as
σ = Ds ε

(3)

with Ds standing for the secant constitutive matrix.
Some manipulation of Eqs. (1)-(3) gives the symmetric strong form of the boundary value problem in
terms of ε and u. In particular, pre-multiplying Eq. (1)
by the secant constitutive matrix Ds and introducing
Eq. (3) into Eq. (2) we obtain
− Ds ε + Ds Su = 0
T

S (Ds ε) + f = 0,

(4)
(5)

which together with the proper boundary conditions
define the strong form of the ε/u independent interpolation formulation.
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The boundary conditions are imposed on the boundary of the body Γ and are applied in Γu and Γt , corresponding to Dirichlet’s boundary conditions (prescibed
displacements) and Newman’s boundary conditions
(prescribed tractions), such that Γ = Γu ∪ Γt and
{ } = Γu ∩ Γt .
Observe that the introduction of Eq. (4) into Eq. (5)
would eliminate the strains as independent unknowns,
yielding the standard irreducible formulation in terms
of displacements only.
The variational formulation is obtained in two steps.
First, we pre-multiply Eq. (4) by an arbitrary virtual
strain vector δε and integrate over the spatial domain
Ω. Second, we pre-multiply Eq. (5) by an arbitrary virtual displacement vector δu and integrate over the spatial domain Ω. Then, we apply in the latter equation the
Divergence Theorem, assuming that the boundary conditions vanish on Γu , i.e. δu = 0 on Γu (see Appendix
B). With the above manipulations, the variation form
of the ε/u independent formulation is expressed by the
following two equations
Z
−

δεT Ds ε dΩ +

Ω

Z

Z

δεT Ds Su dΩ = 0 ∀δε

(6)

Ω

T

(Sδu) (Ds ε) dΩ
Ω
Z
Z
=
δuT f dΩ +
Ω

δuT t̄ dΓ

(7)

Γt

Equation (6) corresponds to the weak form of the constitutive and compatibility relationships and equation
(7) to the Principle of Virtual Work, as the right hand
side term represents the virtual work done by the tractions t̄ = ḠT Ds ε and the body forces f , with ḠT being
the projection matrix (see Appendix A). The nontrivial
case with prescribed displacements u = ū on Γu can be
accomodated following standard arguments. Note that
eqs. (6)-(7) are symmetric.
Summarizing, the symmetric weak form statement
of the presented boundary value problem is to find the
unknown displacements u and strains ε that verify the
system of equations (6)-(7) and the boundary conditions imposed on Γu and Γt .
Note that in view of equation (3), for constant
Ds , the system of equations (6)-(7) can be understood
as the stationary conditions of the classical HellingerReissner functional. For non-constant or non-uniform
Ds , the present formulation is closely related, but not
identical, to classical Hellinger-Reissner methods.

3 Finite Element approximation
In the FE approximation of the above boundary value
problem, the domainP
is discretized in finite elements
Ωe and displacements u and
(Ωe ), so that Ω ∼
=
strains ε are approximated as û and ε̂ defined as
u∼
= û = Nu U
∼
ε = ε̂ = Nε E

(8)
(9)

where U and E are displacement and strain vectors
representing the values of û and ε̂, respectively, at the
nodes of the finite element mesh. Nu and Nε are the
matrices containing the interpolation functions adopted
in the FE approximation. The submatrices of Nu and
Nε are diagonal matrices and the corresponding com(i)
(i)
ponents are Nu and Nε interpolation functions, with
(i) representing the node counter.
Note that equations (8)-(9) illustrate the basic difference of the current formulation compared to the standard one, which is the use of independent interpolation
functions for displacements and strains. On the contrary, in the standard formulation strains are a function
of the displacements computed as
ε∼
= ε̃ = SNu U = Bu U

(10)

where Bu = SNu is the discrete strain-displacement
matrix. The submatrices of Bu have the structure corresponding to the S operator (see Appendix A) and
their components are the Cartesian derivatives of the
(i)
Nu . In the ε/u independent interpolation formulation,
the discrete virtual displacements δu and virtual strains
δε are described in the Galerkin method with the same
approximation as
δu ∼
= δ û = Nu δU
∼
δε = δ ε̂ = Nε δE.

(11)
(12)

It is noted that in the following, integrals over the domain Ω are understood as the sum of the integrals over
the elements in the finite element mesh
Z
XZ
(·)dΩ =
(·)dΩe
(13)
Ω

e

Ωe

while U , E, δU and δE are interpreted as the nodal
values over the whole FE mesh. This implies the corresponding assembling operations for elemental matrices
and vectors into global entities.
Introducing equations (8)-(12) into equations (6)(7), the discrete weak form of the ε/u independent FE
formulation becomes
Z
−
δE T NεT Ds Nε E dΩ
Ω
Z
+
δE T NεT Ds Bu U dΩ = 0 ∀δE
(14)
Ω
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Z

δU T BuT (Ds Nε E) dΩ
Ω
Z
Z
=
δU T NuT f dΩ +
Ω

δU T NuT t̄ dΓ ∀δU

(15)

Γt

The first term in equation (15) is the internal work Û
done by the stresses σ̂ = Ds Nε E. The second term in
equation (15) corresponds to the work Ŵ done by the
tractions t̄ and body forces f .
Considering that the virtual displacements δU and
the virtual strains δE are arbitrary, the system of equations of the mixed Galerkin method becomes
Z

T
−
Nε Ds Nε dΩ E
Ω
Z

T
+
Nε Ds Bu dΩ U = 0
(16)
Ω


BuT Ds Nε dΩ E
Ω
Z
Z
=
NuT f dΩ +

Z

Ω

NuT t̄ dΓ

(17)

Γt

which can be written in matrix form as

   
−M G E
0
=
T
F
G 0 U
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not satisfy the Inf-Sup condition [29, 35, 30], resulting
in an unstable solution in which uncontrollably spurious
oscilations may appear in the computed displacement
field. Solid elastic FEs with independent interpolations
of strain and displacement that satisfy the Inf-Sup condition are strikingly scarce [36, 37, 38]. They use ad-hoc
designed interpolations of stress and displacement fields
with a multiplicity of nodes, which in turn host different nodal variables. These interpolations make difficult
the use of these mixed elements in practical engineering problems. Alternatively, independent interpolations
may be chosen circumventing the strictness of the InfSup condition using a stabilisation method to provide
the necessary stability. In this way, equal order interpolation may be used, with nodes located in the usual
positions and all of them hosting the same nodal variables (see Appendix C). Following this procedure, the
final system of equations for the ε/u independent interpolation FE problem becomes

   
−Mτ Gτ E
0
=
F
GTτ Kτ U

(24)

with
(18)

T

In the above equation, [E, U ] is the array of the nodal
values of strains and displacements. M is a mass-like
projection matrix, G is the discrete gradient matrix and
F is the vector of external forces defined as
Z
M=
NεT Ds Nε dΩ
(19)
ZΩ
G=
NεT Ds Bu dΩ
(20)
Ω
Z
Z
F = NuT f dΩ +
NuT t̄dΓ.
(21)

Mτ = (1 − τε )M

(25)

GTτ = (1 − τε )G
Z
Kτ = τε
BuT Ds Bu dΩ = τε K
Ω
{z
}
|

(26)
(27)

K

where τε = [0, 1] is a stabilization parameter (see Appendix C).
The nodal values U can be formally computed in
the stabilized system (24) as

Γt

Note again that the discrete system of equations (18) is
symmetric and can be expressed only in terms of nodal
displacements U in the following way. Using the first
equation in (18), the nodal values for the strains can be
obtained as
E = M −1 GU

(22)

which introduced in the second equation in (18) gives
U = GT M −1 G

−1

F

(23)

−1
where GT M −1 G
is the Schur complement of −M
in the system of equations (18).
It is noted that the use of equal interpolations for
the displacements and strains in equations (8)-(9) does

U = Gτ T Mτ−1 Gτ + Kτ

−1

F

(28)

The stabilization ensures definitiveness, uniqueness and
stability of the solution if K is positive definite. Observe
that for τε = 1 the stable solution of the standard form
U = K −1 F is recovered.
Linear interpolation is used in this paper for both
the E and U fields. Higher order equal interpolations
are identically derived.
In this work, the presented FE formulation is used
for the investigation of accuracy in stress and displacements of beams, plates and shells in the linear elastic
range. Its extention to geometrical and material nonlinear problems is possible as shown in [31, 39, 40].
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4 B-bar finite element

5 Benchmark Tests

The use of the B-bar method in the standard formulation with quadrilateral and hexahedral elements allows to solve quasi-incompressible problems avoiding
volumetric locking. It is known to be equivalent to the
underintegration of the volumetric energy and to the
use of an underlying piecewise constant interpolation
of the volumetric strain (and the mean-stress). It will
be shown here that the B-bar method serves an identical purpose in the ε/u formulation, following the same
arguments. The discrete strain displacement matrix can
be split in terms of its volumetric and deviatoric components as

This section presents the use of the ε/u independent
interpolation solid finite elements (called hereafter as
ε/u FEs) for the analysis of eleven compressible and
nearly incompressible problems in beam, shell and plate
structures. The usual form of the B-matrix (see Eq.
(41)) is adopted in all cases, apart from the analysis of
nearly incompressible tests, where the B-bar method is
employed (section 5.5).
For all cases, geometry, material properties and
loads are given in a self-consistent set of units. The results obtained using ε/u FEs are compared in each case
with those of the standard FEs and, whenever available,
with reference analytical solutions. Results are represented in terms of displacements and stresses at specific locations, as well as stress distribution within the
analysed structure and deformed shapes. Relative error
of a quantity [X] is computed as 1 − [X]F EM /[X]ref .
In cases where stress values are compared at a node,
the values reported for standard FEs correspond to the
continuous projection Ph (Ds ε) evaluated at the mesh
nodes, rather than the actual discontinuous stresses
Ds ε evaluated at the integration points. This projection is advantageous for the standard FEs, as it results
in better values than those actually computed.

vol
dev
Bu = Bu
+ Bu
.

(29)

Let us now consider ng as the number of integration
points used in the finite element. The average of the
strain-displacement sub-matrices, B̄uvol , can be computed as
B̄uvol =

ng
1 X vol
Buk
ng

(30)

k=1

Using this, a modified B-bar
displacement matrix is defined as
B̄u = Budev + B̄uvol .

discrete

strain5.1 Twisted beam - Warp effect
(31)

The above equation represents the classical form of
the B-bar method for implementation in the standard
irreducible FE formulation. The extension of the B-bar
method to the presented formulation with ε/u independent interpolations, defined as B¯uε , is straightforward


B¯uε = Budev + τε B̄uvol + (1 − τε )Buvol


= B̄u + (1 − τε ) Buvol − B̄uvol

(32)

Observe that for a τε = 1, B¯uε = B̄u , i.e. equation (31)
is recovered.
In virtue of the above, the use of the B-bar method
in the presented ε/u independent formulation is possible by using in the final system of equations (24) the
following versions of GTτ and Kτ matrices
Z
GTτ = (1 − τε )
NεT Ds B¯uε dΩ
Ω
Z
T
ε
¯
Kτ = τε
Bu Ds B¯uε dΩ.
Ω

(33)
(34)

The effect of warp on solid finite elements is investigated
through the twisted beam test, proposed by Macneal
and Harder [41]. The problem consists in the application of a force with different directions at the free end of
a cantilever twisted beam and has been analysed in the
literature with solid [42, 37], shell [43] and solid-shell
FEs [22, 23].
The geometry, boundary and loading conditions are
defined as in [41] and are shown in Figure 1. The
adopted material properties are: Young’s modulus E =
29 × 106 and Poisson’s ratio ν = 0.22. The reference
solution for the maximum displacement at the center
of the free end of the twisted beam is ux = −1.754 and
uy = −5.424 for a unit force along the +X and +Y
directions, respectively [41].
For this test, two solid finite element typologies are analysed: hexahedra and prisms.
Eight mesh refinements are considered with
N = 12; 16; 32; 64; 96; 128; 144; 160 elements along
the span of the beam. Considering that the used
elements have straight edges, the warp of each element
diminishes from 7.5◦ to 0.5625◦ by increasing the number of elements used across the span from N = 12 to
N = 160. The cross-section of the beam is discretized
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t = 0.32
L = 12
W=1.1
Point B
Point C

Fy=1

Point A: center of the free end

Fx=1

Fig. 1: Twisted beam: Geometry (left), load and boundary conditions (right) on a mesh using hexahedra (left) and prisms
(right) of N = 16 elements per side.

Twisted beam - Loading in X

1.1
1
0.9

ux,FEM / ux,reference

in all meshes with 2 × 4 elements (see Figure 1). When
prism elements are used, each hexahedron is divided
into two prisms.
Figures 2 and 3 present the convergence of the computed horizontal and vertical displacement at the center
of the free end of the twisted beam (Point A in Figure
1). The solutions with ε/u FEs are in agreement with
the reference ones even for coarse meshes with N = 12
elements per span, with errors for both hexahedral and
prism meshes below 4% and 5.5% for loading in X and
Y directions, respectively. Standard FEs achieve this
level of accuracy only for meshes with more than 128
elements per span (see Table 1). Prisms and hexahedra
present a very similar response in both formulations,
with hexahedral meshes giving a marginally better accuracy. It is noted that the converged solution of the
displacement for loading in Y using ε/u FEs is slightly
higher than the reference solution given by beam theory
[41].
Figures 4 and 5 present the evolution of the normal stresses σzz at the middle edges of the fixed end
(Points B and C in Fig. 1) for the two loading cases.
The enhanced accuracy of the ε/u formulation results in
a faster convergence of the normal stresses. The standard FEs converge to a lower normal stress for both

0.8
0.7
0.6
0.5
0.4
0.3
0

20

40

60

80

100

120

140

160

Number of elements per side

Fig. 2: Twisted beam: Horizontal displacement ux at the center of the free end (Point A in Figure 1) normalized against
the reference value versus the number of elements per side for
loading in the +X direction.
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Twisted beam - Loading in Y

1.1

Twisted beam - Loading in Y

700

1

600

0.9

Stress zz

uy,FEM / uy,reference

500

0.8
0.7
0.6

400

300
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200

0.4
100
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0.2
0

20

40

60

80

100

120

140

160

0

20

40

60
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100

120

140

160

Number of elements per side

Number of elements per side

Fig. 3: Twisted beam: Vertical displacement uy at the center
of the free end (Point A in Figure 1) normalized against the
reference value versus the number of elements per side for
loading in the +Y direction.

Fig. 5: Twisted beam: Normal stress σzz (compression) at
the middle of the fixed end (Point B in Figure 1) versus the
number of elements per side loading in +Y direction.

5.2 Simulation of shell structures
This section investigates the capacity of the ε/u FE formulation to avoid membrane locking. Membrane locking produces artificial stiffness in discrete thin shells
due to the poor selection of the FE interpolation subspaces. It is common that this leads to widely understimated asymptotic stress values and altogether different
failure mechanisms. Three benchmark tests are analysed: the Scordelis-Lo roof, the hemispherical shell and
the pinched cylinder with diaphragm. These cases are
commonly used in the literature to test the capacity of
shell and solid elements in modelling shell structures
[44, 41, 9, 43, 45, 37, 46].Comparison with the performance of some solid-shell elements is given in Appendix
E. Note that all cases are discretized with only one element per thickness.

Twisted beam - Loading in X

200
190
180

Stress zz

170
160
150
140
130
120
110

5.2.1 “Scordelis-Lo” roof

100
0

20

40

60

80

100

120

140

160

Number of elements per side

Fig. 4: Twisted beam: Normal stress σzz (compression) at
the middle of the fixed end (Point C in Figure 1) versus the
number of elements per side loading in +X direction.

loading directions compared to the one computed with
the ε/u FEs.

The Scordelis-Lo roof problem [47] is considered a
benchmark test for solid [37], shell [7, 9, 43] and solidshell FE [22, 23] formulations investigating the ability
of an element to model complex states of membrane
strain [9].
The problem consists in the loading under vertical
pressure of a single curvature thin shell supported by
rigid diaphragms in the two curved edges, while keeping
free the straight ones. Figure 6 presents the geometry
of the problem and the load and boundary conditions.
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Table 1: Twisted beam: Relative error between numerical displacements and reference ones [41]. Error below 5% is shown in
bold

Error in ux [%]
Prism
Elements
Warp
per
angle
span
12
16

Hexahedra

Standard ε/u

7.5◦
◦

5.625

◦

Error in uy [%]
Prism

Standard ε/u

Hexahedra

Standard ε/u

Standard ε/u

66.40

3.64

66.24

3.48

79.10

5.47

79.01

5.32

56.30

2.17

55.99

2.01

68.57

2.86

68.37

2.70

32

2.8125

29.95

0.70

28.99

0.52

37.02

0.35

36.22

0.18

64

◦

12.75

0.31

11.16

0.13

15.13

-0.28

13.65

-0.46

1.406

96

◦

0.9375

8.19

0.23

6.39

0.06

9.24

-0.41

7.54

-0.58

128

0.7031◦

6.44

0.14

4.56

-0.01

6.91

-0.53

5.18

-0.67

144

0.625◦

5.95

0.13

4.05

-0.02

6.33

-0.55

4.52

-0.68

5.59

0.12

3.68

-0.02

5.88

-0.57

4.05

-0.69

160

◦

0.5625

Due to symmetry, only a quarter of the shell is analysed
adopting proper boundary conditions at the planes of
symmetry (see Figure 6). A uniform vertical pressure of
−90 per unit surface is applied on the top of the roof.

t = 0.25
R=25
L=50

displacement at the center of the roof is 0.3086 from
[47].
Figure 7 and Table 2 present the convergence for the
displacements of the ε/u and standard formulations.
ε/u FEs present a much faster convergence than standard ones with relative errors in displacements below
10% even for the most coarse mesh with N = 8 elements per side of the roof. The poor performance of
Scordelis-Lo roof

1.1

p =-90
Point B: center
of the roof

1
0.9

40º

R

Fig. 6: Scordelis-Lo roof: Geometry and boundary conditions
on a regular mesh of N = 8 elements per side.

u z,FEM / u z,reference

Point A: midside
of free edge

0.8
0.7
0.6
0.5
0.4
0.3
0.2

The problem is analysed using six regular meshes
with N = 8; 16; 24; 32; 40; 48 elements per edge. In all
cases, the thickness of the shell is discretized using a
single element. The material properties for this problem
are: Young’s modulus E = 4.32 × 108 and Poisson’s
ratio ν = 0.0. The reference solution of the vertical

0.1
0

10

20

30

40

50

Number of elements per side
Fig. 7: Scordelis-Lo roof: Normalized vertical displacement uz
at the midpoint of the free edge (Point A in Figure 6) versus
the number of finite elements per side.
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Standard FE

ε/u FE

Fig. 8: Scordelis-Lo roof: Contour (top) and vectors (bottom) of the maximum principal stresses using standard (left) and ε/u
FEs (right). The lower two figures present a close-up of the zones enclosed by dashed rectangles.

Standard FE

ε/u FE

Fig. 9: Scordelis-Lo roof: Contour (top) and vectors (bottom) of the minimum principal stresses using standard (left) and ε/u
FEs (right). The lower two figures present a close-up of the zones enclosed by dashed rectangles.

standard FEs is demonstrated by the high relative errors in the computed displacements, which are greater
than 25% for all analysed discretizations.

The accurate computation of stresses is of primary
importance in shell structures as they allow to identify
the resisting mechanism within the structure, which is

Accurate and locking-free analysis of beams, plates and shells using solid elements

not always straightforward. Table 2 presents the normal stresses at the center of the roof and Figures 8-9
present the distribution and directions of the maximum
and minimum principal stresses, respectively, for the
mesh with N = 16 elements per side of the roof. The
identification of the stress flow within the shell structure is difficult using standard FEs, as the directions of
the computed principal stresses vary spuriously due to
membrane (and shear) locking. On the contrary, stress
directions computed by the ε/u formulation allow to assess the flow of compressive and tensile stresses within
the shell. The accurate prediction of the stress directions is of great interest in the analysis and design of
spatial shell structures, especially of unreinforced masonry ones, where the resisting mechanism relies on the
development of a system of compressive thrusts within
the volume of the shell [48].
5.2.2 Hemispherical Shell
The hemispherical shell with a free edge is a typical
benchmark of a double-curved shell problem, often used
in the literature for the investigation of the capacity of
solid [41, 20, 37, 46], shell [41, 9, 43, 49] and solidshell [50, 51, 22, 23] elements to represent inextensional
bending modes.
Figure 10 presents the geometry, load and boundary
conditions. The equator edge is free and point radial
loads of F = 2.0 alternating in sign (i.e. towards the
interior or exterior of the shell) are applied at 90◦ on it.
Due to symmetry, only a quarter of the hemisphere is
analysed adopting proper boundary conditions on the
symmetry planes (see Figure 10).
The problem is analysed using six regular meshes
of hexahedra with N = 8; 16; 32; 40; 64; 80 elements
per side. For all the studied meshes, the shell is disTable 2: Scordelis-Lo roof: Deflection uz at top midside of
free edge (Point A in Figure 6) and normal stresses σxx at
the top of the center of the roof (Point B in Figure 6).

ε/u FE

Standard FE
uz

σxx

uz

σxx

8
16

0.0378
0.0806

7335.4
19816

0.2652
0.2979

104200
139130

24

0.1270

52872

0.3046

153660

32

0.1673

82232

0.3070

161680

40

0.1987

105400

0.3081

166740

48

0.2224

122820

0.3088

170220

Elements
per side

11

cretized with a single element per thickness. The material properties for this problem are: Young’s modulus
E = 6.825 × 107 and Poisson’s ratio ν = 0.3. The reference solution regarding the radial displacement at the
load points is 0.0940, given in [41].
Figure 11 reports the convergence of the displacement results. Similar to the previous case, the convergence of the solution using standard FEs is very slow
presenting errors in displacements greater than 80%
even for the most refined mesh. For the ε/u case, convergence progresses rapidly with mesh refinement and
errors of less than 10% are computed with meshes of
N ≥ 32 elements per side of the shell.
The enhanced accuracy of the ε/u FE in the computation of stresses is visible in the comparison of the
principal stresses distribution, shown in Figures 12-13.
As in Scordelis-Lo roof case, there are spurious membrane and shear stresses using standard FEs, while ε/u
FEs are free from membrane (and shear) locking, making possible the identification of the stress flow within
the shell.

t = 0.04
R=10
18º

Free

Point A

Fy/2=1.0
Fx/2=1.0

Free
Fig. 10: Hemispherical shell: Geometry, load and boundary
conditions on a regular mesh of N = 8 elements per side.

5.2.3 Pinched cylinder with diaphragm
The last benchmark test related to the simulation of
shell behaviour is the pinched cylinder with diaphragm
[52, 53, 44]. Several simulation of this test exist in the
literature using solid [26, 12, 20], shell [44, 9, 43, 26,
49] and solid-shell [14, 51, 54] elements. This test is
considered by Belytschko et al. [9] as “one of the most
severe tests for both inextenstional bending modes and
complex membrane states”.
The problem consists in the application of two opposing radial loads at the center of a cylinder, which
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Hemispherical shell

1.1
1
0.9

u r,FEM / u r,reference

0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1
0
0

20

40

60

80

Number of elements per side
Fig. 11: Hemispherical shell: Convergence of the radial displacement at the load point (Point A in Figure 10) versus the
number of finite elements per side.
Table 3: Pinched cylinder with diaphragm: Displacements and
error between numerical displacements and reference value.
Error below 5% is shown in bold

Elements
per side
4
8
16
32
48
64
80
96
128
144
160
176

Standard FE
uy
Error [%]

uy

ε/u FE
Error [%]

considered: Young’s modulus E = 3.0 × 106 and Poisson’s ratio ν = 0.3. The reference solution for the deflection at the load location given by [52] based on Flügge’s
series solution [53] is uz = 0.18248 · 10−4 .
Figure 15 shows the convergence of the deflection at
point A (see Figure 14) with mesh refinement. Similar
to the previous cases, the ε/u FE converges faster than
the standard one and the error in displacements drops
below 5% for a mesh with N ≥ 48 elements per side (see
Table 3). For all the studied meshes, the relative error in
displacements given by the standard FE is above 10%.
Comparing to the rest of the shell related examples,
a higher refinement is necessary to achieve errors below 2% with the ε/u FE. This supports the claim that
this problem is one of the most challenging for testing
the capacity of elements to represent shell behaviour.
Similar to the displacements, ε/u show a faster convergence in terms of stresses compared to standard ones
(see Figure 16).
5.3 Simulation of plates
This section investigates the capacity of the ε/u FE
formulation to avoid shear locking in thin plates. Two
benchmark plate problems [55, 17, 56, 37] are analysed:
the thin square and circular plates with clamped edges.
Note that in all cases the plates are discretized with
two elements through the thickness.
5.3.1 Clamped square plate

0.0770
0.1569
0.3245
0.6594
0.9038
1.1340
1.2834
1.3936
1.5378
1.5854
1.6226
1.6521

-95.78
-91.40
-82.22
-63.86
-48.99
-37.86
-29.67
-23.63
-15.73
-13.12
-11.08
-9.46405

0.1529
0.7189
1.3452
1.6729
1.7456
1.7719
1.7844
1.7919
1.8020
1.8052
1.8078
1.8100

-91.62
-60.60
-26.28
-8.32
-4.34
-2.90
-2.21
-1.80
-1.25
-1.07
-0.93
-0.81

has two ends supported by rigid diaphragms. Figure 14
presents the geometry, load and boundary conditions.
The ratio between the thickness and the radius of the
cylinder is 1/100, so that structure can be considered
as a thin shell. Due to the symmetry of the problem,
only one-eighth of the cylinder is modelled.
The cylinder is analysed using twelve regular meshes
with N = 4; 8; 16; 32; 48; 64; 80; 96; 128; 144; 160; 176 elements per side. The following material properties are

The clamped square plate test consists in the loading
under uniform normal pressure on the top surface of
a square plate with fixed edges. This benchmark test
has been analysed in the literature with solid [20, 37],
plate [41, 56], shell [43, 57, 49] and solid-shell elements
[14, 22].
Figure 17 shows the geometry, load and boundary
conditions. A square plate with edge length L = 2
and thickness t = 0.01 is subjected to uniform pressure p = −100 per unit surface on its midsurface. The
symmetry of the problem allows the simulation of only
a quarter of the plate, considering appropriate boundary conditions. All displacements are zero at the two
clamped edges, while only the normal displacements
are zero at the two planes of symmetry (see Figure 17).
Young’s modulus is E = 17.472 × 106 and Poisson’s
ratio ν = 0.3. The reference solution of the vertical
displacement at the middle of the plate according to
Kirchhoff’s plate theory is uz = 1.26 [41].
The effect of the element distortion is investigated
using two mesh configurations; a regular and a skewed
one, with a varying number N of finite elements along
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Min. stresses

Max. stresses
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Standard FE

ε/u FE

Min. stresses

Max. stresses

Fig. 12: Hemispherical shell: Contour of the maximum and minimum principal stresses using standard (left) and ε/u FEs
(right).

Standard FE

ε/u FE

Fig. 13: Hemispherical shell: Vectors of the maximum and minimum principal stresses using standard (left) and ε/u FEs
(right).
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Pinched cylinder

1200

t = 3.0
R=300
L=600

1000

Diaphragm
𝑢𝑥 = 0, 𝑢𝑧 = 0

F/4 = 0.25
Point A

Stress xx [x10-5]

Point B
800

600

400

Symmetry
𝑢𝑧 = 0

200

0
0

50

100

150

200

Number of elements per side

R

Fig. 16: Pinched cylinder with diaphragm: Normal stress
(compression) at Point B (see Figure 14) versus the number
of finite elements per side.

Fig. 14: Pinched cylinder with diaphragm: Geometry, load
and boundary conditions on a regular mesh of N = 8 elements
per side.

t = 0.01
L=2

Pinched cylinder

1.1
1

Point C

0.9

p = -100

Point B

uy,FEM / uy,reference

0.8
0.7
Point A:
Plate’s centre

0.6
0.5
0.4
0.3

p = -100

0.2
0.1
0

50

100

150

200

Number of elements per side
Fig. 15: Pinched cylinder with diaphragm: Normalized vertical displacement uz at the midpoint (Point A in Figure 14)
versus the number of finite elements per side.

Fig. 17: Clamped square plate: Geometry, load and boundary
conditions on a regular (top) and a skewed (bottom) finite
element mesh with N = 16 elements per side.

each side of the plate. Figure 17 shows the finite element meshes for the regular and skewed configuration with N = 16 elements per side. Nine mesh sizes

have been analysed for each mesh type with N =
8; 10; 16; 24; 40; 64; 80; 100; 120 elements per plate side.
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For all the analyses, the plate is discretized using two
finite elements per thickness.
Clamped square plate

1.1
1
0.9

u z,FEM / u z,reference

0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1
0

20

40

60

80

100

120

Elements per side
Fig. 18: Clamped square plate: Normalized vertical displacement uz at the center of the square plate (Point A in Fig. 17)
against number of elements per side.

Figure 18 shows the relative convergence of the computed value of the vertical displacement at the center
of the plate (Point A in Fig. 17). For all analysed cases,
the displacement predictions by the ε/u FE outperform
those of the standard one. The difference between the
regular and the skewed mesh for the ε/u FE formulation is always below 5% and drops rapidly from a 4.55%
for N = 8 to 0.18% for N = 80. Observe that the
ε/u FE predicts the displacement with accuracy below
10% even for very stretched elements with an aspect
ratio of 1:12.5 (mesh with 16 elements per edge). For
the standard formulation, the relative error between the
computed displacement and the reference one is above
20% for all the studied meshes. Figure 20 illustrates the
difference in the computed deformation for a mesh of
N = 16 elements per side using mixed and standard finite elements. The difference in the computed displacements for this case is of an order of magnitude. A further investigation of the convergence of the displacement for the standard element using regular meshes
with N = 140; 160; 180; 200; 220; 240; 260 (see Figure
19) makes evident the shear locking effect, resulting in
the convergence at a lower displacement compared to
the analytical one. Standard FE shear locking is clear
also in the stress distribution within the plate, shown
in Figure 21.The inconsistent stress directions using the
standard formulation illustrate the effect of spurious
shear stresses; these are not present in the ε/u formulation.

Clamped square plate

1.1

5.3.2 Clamped square plate: Investigation of
computational cost

1
0.9
0.8

u z,FEM / u z,reference

15

0.7
0.6
0.5
0.4
0.3
0.2
0.1
0

50

100

150

200

250

300

Elements per side
Fig. 19: Clamped square plate: Normalized vertical displacement uz at the center of the square plate (Point A in Fig.
17) against number of elements per side for the case of the
standard FE.

When interpreting the above results, we should consider
that for the same amount of finite elements, ε/u FEs
have three times more degrees of freedom, i.e. three displacements and six strain components instead of only
three displacements used in standard FEs. In order to
have a more representative comparison in terms of costefficiency, Figure 22 presents the local error in displacements against the total number of degrees of freedom
(DOF). It is visible that for any number of DOF (i.e. a
vertical line in Figure 22), the error in displacements is
always lower using the ε/u FE formulation. This means
that for any size of problem (represented by the total
number of DOFs), the use of ε/u FEs will result in a
more accurate prediction of the displacement field compared to the use of standard FEs. In other words, and
for this case, an error below 10% is achieved with a
standad FE mesh of 220 FEs per side (see Figure 19)
in contrast to a ε/u FE mesh of 10 FEs per side of the
plate (see Figure 18). Moreover, the higher slope of the
graphs corresponding to the ε/u FEs illustrates clearly
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16

ε/u FE

Standard FE

Fig. 20: Clamped square plate: Deformed shape (×1) and vertical displacement contour fill for a regular mesh with N = 16
elements per side using mixed (left) and standard (right) FEs.

Standard FE

ε/u FE

Fig. 21: Clamped square plate: Maximum principal stresses contour (top) and vectors (bottom) for standard (left) and ε/u
FEs (right) in a regular mesh of 16 elements per side.

the difference in the convergence rate between the two
formulations and the enhanced accuracy of ε/u FEs.
Note that the small difference in the displacement estimations between regular and skewed meshes has only
a minor influence in the convergence rate of each case.

In order to further illustrate the relative computational cost of the standard and the proposed ε/u formulations, Figure 23 presents the relationship between
computational time and accuracy using both standard
and ε/u FEs. The graph shows that for any level of
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Clamped square plate

10

0

17
Clamped square plate

100

Errskew
= 2.1614 x NDOF-0.29767
s

10-1

10-2

Local error in displacements uz

Local error in displacements uz

Errreg
= 2.2513 x NDOF-0.30979
s

Errskew
= 7.9012 x NDOF-1.1704
m

Errreg
= 8.3475 x NDOF-1.2367
m

10-3
103

104

105

106

Number of DOF
Fig. 22: Clamped square plate: Local error in displacement uz
at the center of the square plate versus the Number of Degrees
of Freedom (DOF). Dashed lines correspond to the linear regression for each of the studied cases. Subscripts s and m
stand for standard and mixed formulations, respectively. Superscripts reg and skew stand for regular and skewed meshes,
respectively.

10-1

10-2

10-3
10-1

100

101

102
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CPU Time [s]
Fig. 23: Clamped square plate: Local error in displacement
uz at the center of the square plate versus the CPU time in
seconds.

t = 0.1
R=5

accuracy, the computational time for the ε/u FE formulation is lower than that of the standard one.
5.3.3 Clamped circular plate
Plate’s centre

The second case related with the simulation of plates
using the present ε/u FEs is the clamped circular plate.
The test consists in the application of a uniform normal
pressure at the middle surface of a cylindrical plate with
fixed edges. Compared to the clamped square plate, this
case allows to evaluate the performance of shell [7, 44],
plate [56] and solid [37] elements in nonrectangular configurations (i.e. distorted elements).
Figure 24 presents the geometry, load and boundary conditions. As in the case of the square plate, the
numerical model includes only a quadrant using appropriate symmetry boundary conditions. The plate has a
radius R = 5 and a thickness t = 0.1. Young’s modulus is E = 1.092 × 106 and Poisson’s ratio ν = 0.3.
The vertical load is applied as a uniform pressure of
p = −1 per unit surface at the middle surface of the
plate. The reference values of the vertical displacement
and the radial stress at the center of the plate according
to Kirchhoff’s plate theory are equal to uz = −0.398137
and σrr = −3093.75, given in [37].
Both standard and ε/u FE formulations are
analysed using eleven finite element meshes with

p =-1

Fig. 24: Clamped circular plate: Geometry, load and boundary conditions for a finite element mesh of 16 elements per
side.

a varying number of elements per side N =
8; 16; 24; 32; 40; 64; 80; 100; 120; 140; 160. For all meshes,
the thickness of the plate is discretized using two elements. The use of only hexahedral elements for the
discretization of the circular plate results in distorted
elements, as can be seen in Fig. 24.
The performance of both ε/u and standard FEs is
similar to the square plate problem. The ε/u FE formulation predicts with increased accuracy and with
a higher convergence rate both displacements and
stresses compared to the standard formulation (see Figures 25-26). A mesh with 16 elements per side is suffi-
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5.4 Anisotropic material

Clamped circular plate

1.1
1
0.9

/ r,reference

0.8

r,FEM

cient using ε/u FEs to compute the displacements with
a difference of less than 5% compared to the analytical solution. Standards FEs do not reach this accuracy
even for the most refined mesh, converging at a lower
displacement (see Figure 25). This shear locking of the
standard formulation results in the overestimation of
the stress values, which converge at a higher value than
the analytical solution (see Figure 26).

5.4.1 Clamped rectangular plate of an orthotropic
material

0.7
0.6
0.5
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0.3
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Clamped circular plate

1.1
1
0.9

0.1
0
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150

Elements per side
Fig. 26: Clamped circular plate: Vertical displacement uz at
the center of the circular plate versus number of finite elements per side.
Clamped square plate - Orthotropy

0.3

0.25

Deflection uz at Point A

The case of the clamped rectangular plate is investigated here considering an orthotropic material with different elastic properties along the two axes on the midplane of the plate. The geometry, loading and boundary
conditions are the same as the ones shown in Figure 17.
Young’s modulus in the y and z directions is equal to
the already analysed case Ey = Ez = 17.472 × 106 ,
while in the x direction is ten times greater Ex =
174.720 × 106 . Poisson’s ratio is equal to ν = 0.3 in
all directions.
The convergence behaviour in displacements (see
Figure 27) and stresses (see Figures 28-29) of the
ε/u and standard formulations resemble closely the
isotropic case. The σxx and σyy stresses shown in Figures 28-29 correspond to Points B and C in Figure 17.

0.2
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0.1

uz,FEM / u z,reference

0.8
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0.7
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0
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0
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0.4

Fig. 27: Clamped square plate with orthotropy: Vertical displacement uz at the center of the circular plate (Point A in
Fig. 17) versus number of finite elements per side.
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Elements per side
Fig. 25: Clamped circular plate: Vertical displacement uz at
the center of the circular plate versus number of finite elements per side.

Taking the values from the most refined ε/u FE mesh
as reference, N = 144, the ε/u formulation converges
to the maximum displacement with an error below 5%
for N ≥ 16 elements per side. Regarding the stresses,
the same level of convergence to the maximum normal
stress occurs for N ≥ 40 for σxx and N ≥ 64 for σyy
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Fig. 28: Clamped square plate with orthotropy: Normal stress
σxx at Point B (see Fig. 17) versus number of finite elements
per side.
105

4.5

106

Fig. 30: Clamped square plate with orthotropy: Local error
in the stresses σxx , σyy at Points B and C (see Fig.17) versus
the Number of Degrees of Freedom (DOF).

far regarding the faster convergence in stresses (apart
from displacements) of the ε/u FE.
Figure 31 presents the deflection along the midsides
“AB” and “AC” of the orthotropic plate for the case of
N = 40 elements per side. The increased stiffness of
the plate in the x-direction (side “AB”) is evident, as
well as the important difference between the predicted
deflections with standard and ε/u FEs.

Clamped square plate - Orthotropy
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2
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150
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Fig. 29: Clamped square plate with orthotropy: Normal stress
σyy at Point C (see Fig. 17) versus number of finite elements
per side.

(see Table 4). The standard element reaches the same
level of convergence in displacements and stresses only
for the most refined case with N = 144 per side (Table
4).
The difference in the convergence rate of the stresses
between standard and ε/u FEs is illustrated in Figure
30. The graphs make evident what has been observed so

Deflection uz

-0.1

0

-0.15

-0.2

-0.25

-0.3
0
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0.4

0.6

0.8

1

Distance from Point A
Fig. 31: Clamped square plate with orthotropy: Deflection uz
along two two midsides "AB" and "BC" (see Fig.17).
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uz /uz,max

σxx /σxx,max

σyy /σyy,max

Nel
per
side

Stand. Mixed

Stand. Mixed

Stand. Mixed

8
10
16
24
40
64
80
100
120
144

0.063
0.095
0.212
0.379
0.631
0.814
0.872
0.912
0.936
0.953

0.053
0.083
0.197
0.363
0.622
0.814
0.875
0.919
0.945
0.964

0.030
0.049
0.121
0.237
0.459
0.686
0.779
0.857
0.907
0.947

0.892
0.931
0.974
0.989
0.996
0.999
0.999
1.000
1.000
1.000

0.694
0.764
0.868
0.922
0.959
0.981
0.988
0.994
0.997
1.000

0.516
0.603
0.756
0.851
0.928
0.968
0.981
0.990
0.996
1.000

uz,max = 0.27912, σxx,max = 1991100, σyy,max = 428940

5.4.2 Clamped layered rectangular plate with
orthotropic properties
Layered beams, plates and shells may present isotropic
or orthotropic behaviour. This section investigates the
case of a clamped rectangular plate constructed as a
layered structure of an orthotropic material, but with
different orientations of the axes of orthotropy in the
two layers.
The geometry, load and boundary conditions are the
same as in the previous example (see Figure 17). In
this case, the plate is composed by two superimposed
layers of orthotropic materials with the same thickness
t1 = t2 = 0.005 m. Young’s moduli of the top layer are
Ex,top = 174.72 × 106 and Ey,top = 17.472 × 106 , while
those of the lower layer are Ex,bottom = 17.472 × 106
and Ey,bottom = 174.72 × 106 . Poisson’s ratio equal to
0.3 is considered for both layers.
The plate is analysed using both standard
and ε/u FEs with regular meshes of N
=
8; 10; 16; 24; 40; 64; 80; 100; 120 per side of the plate. In
all cases, each layer is discretized with one element
per thickness, which makes a total of two elements per
thickness of the plate.
The convergence of displacements and stresses in X
and Y directions are shown in Figures 32, 33, 34, respectively. The results for this case are very similar to
the previous ones, with the convergence rates in both
displacements and stresses being far superior using ε/u
FEs. Even for the more refined mesh with N = 120
elements per side of the plate, the standard FE formulation underestimates the results of both displacements
and stress for more than 10%. The highest accuracy of

the ε/u FE formulation can be appreciated in Figure 35,
presenting the vectors of the principal stresses for the
mesh of N = 16 elements per side. On the one hand, the
shear locking present to the standard FE formulation
results in the spurious orientation of the principal stress
vectors within the plate, in addition to their underestimation, as shown in Figures 33 and 34. This shear
locking is not present when the plate is discretized with
ε/u FEs. On the other hand, the in-plane orthotropic
behaviour of the two layers is perfectly represented by
the ε/u formulation.
5.4.3 Clamped multi-layered rectangular plate with
orthotropic properties
A multi-layered plate is now investigated. It is composed by five superimposed alternating layers of orthotropic materials with the same thickness t = 0.002.
The geometry, load and boundary conditions are the
same as in the rectangular plate example (see Figure 17), but the mechanical properties are different.
Young’s moduli of the odd layers are Ex,odd = 174.72 ×
106 and Ey,even = 17.472×106 , while for the even layers
are Ex,even = 17.472 × 106 and Ey,odd = 174.72 × 106 .
Poisson’s ratio equal to 0.3 is considered for all the layers.
The plate is analysed with both standard and ε/u
FEs using a regular mesh of N = 8; 10; 16; 24; 40; 64; 80
Clamped square plate - Layered

0.6

0.5

Deflection uz at Point A

Table 4: Clamped square plate with orthotropy: Convergence
study for deflection uz and stresses σxx , σyy . Ratios above
0.95 are shown in bold.
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Fig. 32: Clamped square plate with two layers of orthotropic
materials: Vertical displacement uz at the center of the circular plate (Point A in Fig. 17) versus number of finite elements
per side.
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Fig. 33: Clamped square plate with two layers of orthotropic
materials: Normal stress σxx at Point B on the top surface of
the plate (see Fig. 17) versus number of finite elements per
side.
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elements per side of the plate. Each layer is discretized
with 2 elements per thickness, which makes a total of
10 elements through the thickness of the plate.
Figure 36 presents the convergence behaviour in displacement and Figures 37 and 38 in stresses at Points
A, B and C of the plate (see Figure 17), respectively. A
comparison with the 2-layer case (Figures 32-29) shows
the beneficial effect of the finer refinement through the
thickness for the ε/u FEs. In fact, the use of 2 elements
per layer leads to a very good estimation of both displacements and stresses, even for meshes with low numbers of finite elements per side of the plate. Contrarily,
despite this refinement through the thickness, standard
displacement-based FEs show a slow convergence with
a difference in displacements and stresses of above 12%
even for the most refined mesh with 80 elements per
side.
Figure 39 shows the vectors of the principal stresses
for the mesh of N = 16 elements per side. The same remarks as for the 2-layer plate in the previous subsection
apply. Transverse shear distributions are correctly represented; no shear locking appears. Furthermore, the
normal stress in the vertical direction is almost null
without the need of explicitly imposing a plane stress
assumption, as it corresponds to the tractions boundary
conditions of the problem.

6

5.5 Nearly incompressible cases

Stress yy at Point C

5

This section investigates the capacity of the ε/u FE to
overcome volumetric locking near the incompressibility
limit (ν → 0.5). Two benchmark problems are analysed:
the Cook’s membrane and a square rectangular plate.
For these cases, the B-bar method is employed for both
standard and ε/u FEs.

4

3

2

5.5.1 Cook’s membrane

1

0
0

20

40

60

80

100

120

Elements per side
Fig. 34: Clamped square plate with two layers of orthotropic
materials: Normal stress σyy at Point C on the top surface of
the plate (see Fig. 17) versus number of finite elements per
side.

Cook’s membrane problem is considered as a standard
test for investigating the performance of solid [58], shell
[59] and solid-shell [50] finite elements under bending dominated stress conditions. The test considers the
shear loading at a side of a tapered panel clamped on
the opposide end.
Figure 40 presents the geometry, loading and boundary conditions. The material properties are: Young’s
modulus E = 200 × 106 , and Poisson’s ratio ν = 0.4999
referring to a nearly incompressible state.
The problem is analysed using five regular meshes
with a varying number N of elements per side N =
4; 8; 16; 32; 64. Figure 40 shows the mesh for the case
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Standard FE

ε/u FE

Fig. 35: Clamped square plate with two layers of orthotropic materials: Maximum principal stresses contour (top) and vectors
(bottom) for standard (left) and ε/u FEs (right) in a regular mesh of 16 elements per side.

with N = 8 elements per side. In all meshes, the membrane is discretized with a single element per thickness
(see Fig. 40).
Figure 41 presents the convergence of the vertical
displacement at the top right corner of the membrane
for mesh refinement using the ε/u and standard formulations with and without the B-bar method. The beneficial effect of the B-bar method in the convergence rate
is evident for both formulations. It is noted that ε/u
formulation converges to the same correct value with
and without the B-bar method. On the contrary, convergence of the standard formulation is only possible
using the B-bar method; otherwise, it is almost completely locked by the spurious volumentric strains.
Figure 42 and Figure 43 present the convergence of
the pressure and J2 stress, respectively, at the middle
of the lower side (Point B in Figure 40). In both cases,
standard and ε/u formulations using the B-bar method
converge very fast to a single value of pressure and J2

stress. The ε/u FE presents a much faster convergence
and accuracy in J2 stresses compared to pressure and
converges to the same value as the cases with the Bbar method for the finest mesh. On the contrary, the
standard FE solution is locked as manifested by the divergence in the pressure values with mesh refinement.
The same conclusions can be drawn by looking at the
pressure and J2 stress contours presented in Figures 44
and 45, respectively. It is possible to observe the more
accurate and continuous estimation of the pressure and
J2 stress fields in the ε/u formulation, which is an immediate consequence of independent interpolation considered for the strains.
5.5.2 Clamped square plate
The second case studied near the incompressibility limit
is the clamped square plate, already analysed for a compressible material using isotropic and orthotropic properties. The geometry, load and boundary conditions are
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Fig. 38: Clamped square plate with five layers of orthotropic
materials: Normal stress σyy at Point C on the top surface of
the plate (see Fig. 17) versus number of finite elements per
side.
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Fig. 36: Clamped square plate with five layers of orthotropic
materials: Vertical displacement uz at the center of the circular plate (Point A in Fig. 17) versus number of finite elements
per side.
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Fig. 37: Clamped square plate with five layers of orthotropic
materials: Normal stress σxx at Point B on the top surface of
the plate (see Fig. 17) versus number of finite elements per
side.

the same to the ones presented in Figure 17. Young’s
modulus is E = 17.472 × 106 , while for Poisson’s ratio the adopted value is ν = 0.4999, representing a
nearly incompressible material. For this case, the plate
has been discretized using two and four elements per
thickness in meshes with N = 8; 10; 16; 24; 40; 64; 80
elements per side. According to plate theory, the reference solution for the displacement at the center of
the plate is inversely proportional to the plate regidity
D = E t3 /12(1 − ν 2 ) [60]. Considering that the analytical solution for ν = 0.3 is equal to uz = 1.26, the
reference displacement for this case is uz = 1.04.
Figure 46 presents the convergence of the displacements at the center of the plate. As for the previous
case, the B-bar method is employed to simulate the
nearly incompressible behaviour of the material. The
best accuracy in terms of displacements is obtained for
the ε/u FE with four elements per thickness. Observe
that for the case with two ε/u FEs per thickness, the
plate presents a more flexible response. This is a result
of the under-integration of the mean stress by using
the B-bar procedure, which is necessary to overcome
the near-incompressibility constraint, but comes at the
cost of the loss of some resolution across the thickness.
As the results show, the accuracy of the ε/u FE solution
is recovered through a more refined discretization across
the thickness. Observe also that the standard FEs understimate significantly the deflections of the plate even
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Standard FE

ε/u FE

Fig. 39: Clamped square plate with 5 layers of orthotropic materials: Maximum principal stresses contour (top) and vectors
(bottom) for standard (left) and ε/u FEs (right) in a regular mesh of 16 elements per side.

if the B-bar method is used. This is consistent with the
results obtained for the ν = 0.3 case (see Figure 18)
and the layered plates (Figures 32 and 36).

load, geometrical and material conditions found in engineering structures. The accuracy of the present FE formulation is investigated in terms of displacements and
stresses through the analysis of a set of eleven benchmarks problems of beam, shell and plate structures.

6 Conclusions
This paper presents the use of solid finite elements with
independent displacement and strain interpolations for
addressing element locking problems under common

All problems are analysed using solid finite elements, which are available at all FE codes and can be
conveniently used for the modelling of any type of structure and with any type of general constitutive model.
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Fig. 40: Cook’s membrane: Geometry, load and boundary
conditions on a structured mesh of N = 8 elements per side.
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Fig. 42: Cook’s membrane: Pressure at the bottom midside
of Cook’s membrane (Point B in Fig. 40) versus number of
finite elements per side.
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Fig. 41: Cook’s membrane: Vertical displacement uz at the
top right corner of Cook’s membrane (Point A in Fig. 40)
versus number of finite elements per side.
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The performance of the present FE is investigated considering several modelling choices, such as different element typologies (hexahedra and prisms) and mesh configurations (regular, skewed, warped). The effect of material properties is studied by considering isotropic and
orthotropic cases, as well as compressible and nearly
incompressible materials. For the latter, the use of the
B-bar method as a way to address volumetric locking is
investigated. Laminated multi-layered orthotropic material distribution is also investigated.

Fig. 43: Cook’s membrane: J2 stress at the bottom midside
of Cook’s membrane (Point B in Fig. 40) versus number of
finite elements per side.

Numerical results demonstrate that ε/u FEs far outperform the corresponding standard ones in estimating displacements and stresses, providing locking membrane and shear free solutions. The use of the B-bar
method is beneficial for the performance of the present
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Standard FE

Standard– B-bar FE

ε/u FE

ε/u – B-bar FE

Fig. 44: Cook’s membrane: Pressure contour fill for the standard (left) and mixed formulations (right) without (top) and with
(bottom) the B-bar method for a mesh with 16 elements per side.
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Fig. 45: Cook’s membrane: Pressure contour fill for the standard (left) and mixed formulations (right) without (top) and with
(bottom) the B-bar method for a mesh with 16 elements per side.
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A Vectors and Matrices

1.1

Displacements u, strains ε, stresses σ and forces f are represented following Voigt’s notation as vectors

1

u = (ux , uy , uz )T

0.9

(35)

uz,FEM/uz,reference

T

0.8
0.7

ε = (εx , εy , εz , γxy , γyz , γxz )

(36)

σ = (σx , σy , σz , τxy , τyz , τxz )T

(37)

T

f = (fx , fy , fz )

(38)

0.6

The differential symmetric gradient operator relating the
displacements with the strains has the following form

0.5
0.4



∂x 0 0 ∂y 0 ∂z

S

0.3

T



=  0 ∂y 0 ∂x ∂z 0 

(39)

0 0 ∂z 0 ∂y ∂x

0.2

The projection matrix, introduced in Eq. (7), is
0.1
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Fig. 46: Clamped square plate near incompressibility: Vertical
displacement uz at the center of the plate (Point A in Fig.
17) versus number of finite elements per side.



nx 0 0 ny 0 nz
=  0 ny 0 nx nz 0 
0 0 nz 0 ny nz

(40)

where n = (nx , ny , nz )T is the outward normal vector at the
boundary of the analysed domain Γt .
The discrete strain-displacement matrix (or discrete symmetric gradient operator) is expressed as
Bu = [Bu1 , . . . , Bui , . . . , Bun ]

formulation in the incompressibility limit, guaranteeing
converegence in displacements and stresses. The simulated cases studied here show that FEs with independent interpolations for displacements and strains are an
effective alternative for simulating complex stress states
in beam, shell and plate structures with enhanced accuracy.

for 1 ≤ i ≤ nn , with nn being the number of nodes in the
vol
element. The submatrix Bui and its volumetric part Bu
are
i
expressed in Voigt’s notation as
∂Ni,1

Bu i

0



 0
∂Ni,2 0 


 0
0 ∂Ni,3 

=
∂Ni,2 ∂Ni,1
0 


∂Ni,3
0 ∂Ni,1 
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vol
Bu
i

(42)

∂Ni,3 ∂Ni,2

∂Ni,1 ∂Ni,2 ∂Ni,3



∂Ni,1 ∂Ni,2 ∂Ni,3 


1
∂Ni,1 ∂Ni,2 ∂Ni,3 

= 
0
0 
3
 0

 0
0
0 

0

0

(43)

0

where Ni is the shape function of node i and ∂Ni,j is its
derivative with respect to the j th Cartesian coordinate (j =
[1 : 3]). The deviatoric part is obtained by
dev
vol
Bu
= Bui − Bu
.
i
i

(44)

B Principle of Virtual Work
This Appendix presents the derivation of equation (7) from
equation (5) in two steps. First, equation (5) is premultiplied
by an arbitrary virtual displacement δu and integrated over
the spatial domain Ω
Z

h

i

δuT S T (Ds ε) dΩ +
Ω

Z

δuT f dΩ = 0 ∀δu
Ω

(45)
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Then, the Divergence Theorem is applied on the first term of
the above equation yielding
Z

h

i

δuT S T (Ds ε) dΩ =

Ω

−

Z

(Sδu)T (Ds ε) dΩ +
Ω

=−

Z





δuT ḠT Ds ε dΓ
Γ

Z

T

(Sδu)

Z



Ω

Γu

|
Z



δuT ḠT Ds ε dΓ

(Ds ε) dΩ +



{z

}

=0



δuT ḠT Ds ε dΓ

+
Γt

=−

Z

(Sδu)T (Ds ε) dΩ +

Z

Ω





δuT ḠT Ds ε dΓ (46)
Γt

In the previous derivation, equation (3) is used on the integral over Γ and adopted the assumption that the prescribed
displacements vanish on the boundary Γu . Finally, substituting equation (46) into equation (45) the final version of the
Principle of Virtual Work for the mixed ε/u formulation is
obtained
Z

(Sδu)T (Ds ε) dΩ

Residual-based stabilisation procedures, like the one in
(48) used herein, do not introduce any additional approximation nor any consistency error. For this, the stabilisation
technique is variationally consistent, meaning that converging values of the unknowns ε ad u satisfying the Galerkin
system (16)-(17) also satisfy the stabilized form (50)-(51). In
particular, considering a converged solution, when the size of
the element h tends to zero, h → 0, ε → Nε E = Bu U and
the stabilization term vanishes. Considering a non-converged
situation, the added terms τε (Bu U − Nε E) are small, as
they depend on the difference between two approximations
of different order to the same quantity. This means that for
a given FE mesh, using different values of the stabilization
procedure yields slightly different results (see Appendix D).
Nevertheless, the consistency of the residual-based stabilization guarantees that the discrete problem converges to the
unique solution. The use of different stabilization parameters
on the same mesh is analogous to the use of different FE interpolations of the same order of convergence with the same
nodal arrangement.
As shown in [64, 65], the optimal convergence rate in linear problems is obtained reducing the stabilization on mesh
refinement, such that

Ω

Z

δuT f dΩ +

=

Z

Ω





δuT ḠT Ds ε dΓ

(47)

τε = cε

Γt

presented in equation (7).

C Variational Multiscale Stabilization method
This section presents the stabilization procedure leading to
the final system of equations (24) of the ε/u indepedent interpolation formulation. The stabilisation procedure adopted
herein consists in the modification of the discrete variational
form using the Orthogonal Subscales Method, introduced in
[61] within the framework of the Variational Multiscale Stabilization methods [62, 63].
The stabilization of the problem is achieved by substituting the approximated strains in equation (9) with the following form
ε∼
= ε̂ + τε (ε̃ − ε̂)

h
L0

(52)

where cε stands for a positive number of the order cε = O(1),
h for the finite element size and L0 is the characteristic size
of the problem.
Following the above, the stabilized system of equations
becomes


−Mτ Gτ
GT
Kτ
τ

 

 

E
0
=
U
F

(53)

with
Mτ = (1 − τε )M

(54)

GT
τ = (1 − τε )G

(55)

Z

Kτ = τε
Ω

|

T
Bu
Ds Bu dΩ = τε K

{z

K

(56)

}

= Nε E + τε (Bu U − Nε E)
= (1 − τε )Nε E + τε Bu U

(48)

where τε = [0, 1] is a stabilization parameter. Observe that
for τε = 0 the stabilization effect is lost, while for τε = 1 the
strain interpolation of the standard irreducible formulation is
recovered
ε∼
(49)
= ε̃ = Bu U
The use of equation (48) in equations (6)-(7) gives the final
stabilized set of equations for the mixed ε/u FE formulation
− (1 − τε )

Z
Ω

+ (1 − τε )

δE T NεT Ds Nε E dΩ
Z
Ω

(1 − τε )

Z
ZΩ

Ω

Z
Γt

(50)

T
δU T Bu
(Ds Nε E) dΩ

+ τε
+

δE T NεT Ds Bu U dΩ = 0 ∀δE

T
δU T Bu
Ds Bu U dΩ =

δU T NuT t̄ dΓ ∀δU

Z
Ω

δU T NuT f dΩ
(51)

D Influence of parameter τε
This Appendix investigates the influence of the stabilization
parameter τε in the numerical results obtained with the ε/u
FE formulation. The parameter τε is defined in all the studied cases through the equation (52), in which intervenes the
parameter c aside with the parameters h and L0 , associated
with the finite element size and the characteristic size of the
problem, respectively. Here, we investigate the influence of
parameter c, with regard to the case of the clamped square
plate.
Figure 47 presents the results obtained using three different values of c = 5; 1; 1/5 in equation (52). A value of
c = 1 corresponds to the reference value used for this case
τε,ref = h/L0 . The results show that the convergence rate
is very similar for all the selected values of τε , as analytically predicted [64, 65]. The fact that using different values
for c (i.e. different τε ) produces different approximate solutions can be seen as similar to getting different approximate
solutions by using meshes with different layouts, as already
mentioned in Appendix C. Nevertheless, convergence to the
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solution, and optimal rate of convergence, are independent
from the choice of parameter c.
As can be observed, for the same mesh, the use of a higher
value of τε results in an increase of the estimated error. This
is to be expected, as for the limit value of τε = 1 the standard
irreducible formulation is recovered. On the other end, very
small values of τε fail to effectively stabilize the ε/u formulation.

Local error in displacements uz
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10-2

10-3

104

– Areias et al. [25]: EAS solid element with penalty stabilization.
– Kasper and Taylor [20]: Mixed-enhanced strain element
with nine enhanced modes (H1/ME9).
– Schwarze and Reese [22]: Reduced integration solid-shell
based on the EAS and the ANS concepts.
– Huang et al. [23]: unsymmetric 8-node hexahedral solidshell (US-ATFHS8).
– Sze et al. [16]: hybrid stress ANS solid-shell.
It is observed that:

Clamped square plate

10-1

10-4
103

29

105

Number of DOF
Fig. 47: Clamped square plate: Local error in displacement
uz at the center of the square plate versus the Number of
Degrees of Freedom (DOF) for different values of τε .

E Comparison with solid-shell and EAS FEs
This Appendix presents a comparison between the numerical
results of the standard displacement based linear hexahedron
(referred in the tables as Q1), the proposed ε/u FEs (referred
in the tables as Q1Q1) and the reported results of several successful solid-shell and EAS elements for three benchmark shell
problems: the Scordelis-Lo roof (Table 5), the hemispherical
shell (Table 6) and the pinched cylinder (Table 7).
The following solid-shell and EAS elements are considered:
– Wriggers and Koralc QS/E9 [13]: 3D solid-shell enhanced
strain element with 9 enhanced modes based on Taylor
expansion with exact symbolic integration.
– Wriggers and Koralc QS/E12 [13]: 3D solid-shell enhanced strain element with 12 enhanced modes based on
Taylor expansion with exact symbolic integration.
– Reese [51]: EAS solid-shell based on reduced integration
with hourglass stabilization (QISPs).
– Kim et al. [21]: ANS solid-shell with plane stress assumption (XSolid85).
– Alves de Sousa et al. [66] : EAS solid-shell with reduced
(in-plane) integration (RESS).

1 The standard general purpose FEs lock in the tested
curved thick shell situations, while the proposed ε/u FEs
and the solid-shell elements do not.
2 The special purpose solid-shell elements, enhanced with
higher order bending modes, are more accurate than the
general purpose ε/u finite elements. However, their corresponding displacement convergence rate is the same.
3 Even if the stable solid-shell elements are notoriously
more accurate than the corresponding underlying linear
element, the asymptotic rate of convergence of displacements is the same as they do not interpolate with the full
second order polynomial needed to achieve higher order
convergence.
4 Only displacement results are reported in the literature
for the solid-shell elements. The mixed ε/u FEs are devised to yield enhanced strain and stress order of convergence.
5 All the reported tests are performed on hexahedral elements, as this is the shape of the solid-shell elements.
Mixed ε/u FEs can be equally shaped as prisms or tetras,
without loss of convergence rate.
6 All the reported tests are performed in regular meshes.
EAS elements often underperform in distored meshes.
Huang et al. [23] solve this quaint at the expense of using
an unsymmetrical element.

Savvas Saloustrosa et al.

30

Table 5: Scordelis Lo-Roof: Vertical displacement at the midpoint of the free edge normalized with the reference solution 0.3086
given in [47].

Elem.
per
side

u
Q1

ε/u
Q1Q1

Solid-shell:
Schwarze and
Reese [22]

Solid-shell:
Areias et al.
[25]

Solid-Shell:
Kim et al.
[21]

Solid-Shell:
Alves
de
Sousa et al.
[66]

8

0.112

0.859

0.994

1.001

0.984

0.986

16

0.261

0.965

1.000

0.992

0.999

0.993

32

0.542

0.995

1.003

0.991

-

0.996

Table 6: Hemispherical shell: Radial displacement at the load points normalized with the reference solution of 0.0940 given in
[41].

Elem.
per
side

u
Q1

ε/u
Q1Q1

Solid-shell:
Schwarze
and Reese
[22]

Solid-shell:
Reese [51]

Solid-EAS:
Areias et
al. [25]

SolidMixedEAS:
Kasper
and Taylor
[20]

Solid-shell:
Huang et
al. [23]

Solid-shell:
Sze et al.
[16]

8

0.003

0.263

1.002

-

0.756

0.732

1.0106

1.0051

16

0.011

0.657

0.993

0.723

0.991

0.989

1.0038

0.9983

32

0.039

0.898

0.994

0.919

0.999

0.998

-

-

64

0.136

0.979

-

-

-

-

-

-

Table 7: Pinched cylinder: Vertical displacement at the midpoint normalized with the reference solution of 0.18248 · 10−4 given
in [53].

Elem.
per side

u
Q1

ε/u
Q1Q1

Solid-shell
QS/E9:
Wriggers and
Koralc [13]

Solid-shell
QS/E12:
Wriggers and
Koralc [13]

8/91

0.086

0.394

0.506

0.572

16/17

2

0.178

0.737

0.864

0.922

30/32

3

0.361

0.917

0.971

0.986

0.621

0.971

-

-

64
1

8 elements for standard and ε/u FEs and 9 elements for solid shell FEs.

2

16 elements for standard and ε/u FEs and 17 elements for solid shell FEs.

3

32 elements for standard and ε/u FEs and 30 elements for solid shell FEs.
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