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SUMMARY
The paper addresses the problem of tensile and mixed-mode cracking within the so-called smeared
crack approach. Because lack of point-wise convergence on stresses is deemed as the main difficulty
to be overcome in the discrete problem, a (stabilized) mixed formulation with continuous linear
strain and displacement interpolations is used. The necessary convergence rate can be proved for
such a formulation, at least in the linear problem. Two standard local isotropic Rankine damage
models with strain-softening, differing in the definition of the damage criteria, are used as discrete
constitutive model. Numerical examples demonstrate the application of the proposed formulation using linear triangular P1P1 and bilinear quadrilateral Q1Q1 mixed elements. The results
obtained do not suffer from spurious mesh-bias dependence without the use of auxiliary tracking
techniques. Copyright 䉷 2011 John Wiley & Sons, Ltd.
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1. INTRODUCTION
Crack modeling has been one of the foci of interest in non-linear computational solid mechanics
practically from its inception. The first record is the work of Ngo and Scordelis [1], who in
1967 studied a simply supported reinforced concrete beam and modeled crack propagation by the
separation of nodal points using a tensile stress criterion. This can be considered as the seminal
work of the discontinuous (or discrete) approach to crack modeling. In the discontinuous crack
models, displacement jumps across the crack are explicitly considered and the non-linear behavior
is established through a softening traction-displacement jump law.
Only months later, in 1968, Rashid [2] published a study of prestressed concrete pressure vessels
modeling cracks using a crack model defined at constitutive level, also employing a tensile stress
criterion for crack initiation. This was the origin of the continuous (or smeared) approach to crack
modeling. In the continuous crack models, displacement jumps across the crack are smeared over
the affected elements and the behavior of the crack is established through a softening stress–
strain law.
The interest in cracks is only natural from the engineering point of view, because cracks are
present to some degree in all structures. They may be present as basic defects in the constituent
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materials, or they may be induced by inadequate design or construction or during service life.
Structural failure due to catastrophic crack propagation under inauspicious circumstances is a
matter of concern of design and analysis in many fields of engineering.
Consequently, numerical simulation of tensile and mixed mode fracture has been the object of
intensive interest during the last four decades. Both the discrete and the smeared crack approaches
have been used and, through the years, they have come to have more points in common than
originally thought. For instance, it is nowadays generally accepted that the amount of energy
released during the formation of a unit area of crack surface is a material property, called the
fracture energy. This important step forward was first implemented in a finite element analysis by
Hillerborg et al. [3] in 1976, using the discrete approach; later on, Pietruszczak and Mróz [4] in
1981 and Bazant and Oh [5] in 1983 introduced the concept in the context of smeared models.
Today, it is recognized that both proposals were equivalent, in the sense that they both sketched
numerical approaches to solve (almost) the same continuum problem.
The fact of assuming that the strain energy in the structure is released through the crack surfaces
has deep implications in the formulation of the problem, both at continuum and discrete level,
that is, before and after proceeding to the spatial discretization into finite elements. At continuum
level (before discretization), it explains what is called as structural size effect [6], and links the
brittleness of the structural behavior to its size (larger size, more brittle behavior). At discrete level
(after discretization), if using a smeared approach, it makes it necessary to link the computational
local brittleness of the smeared crack to the resolution of the mesh and the element size (the wider
the crack, more brittle the local behavior).
But regardless of many efforts devoted in the last 40 years to enhance the discrete and smeared
crack approaches and to discuss their relative merits, the fact is that most attempts to model cracks
using standard, irreducible, local approaches fail. They fail because the solutions obtained, in
terms of collapse mechanism, load–displacement response and peak load, suffer from mesh-bias
dependence in such a strong manner that it cannot be ignored.
A substantial part of the research in computational solid mechanics during the last two decades
has been devoted to face up to this evidence. The very different strategies followed ([7–30],
among others) usually attempt to overcome the discomfiting quandary by regularizing the original
continuum problem, either introducing some additional length or time scale in it.
This standpoint ignores the fact that the difficulties encountered are numerical and their solution
should be addressed in the framework of the definition of the discrete problem associated with crack
modeling. Our approach to tackle the problem is to resort from the standard irreducible formulation
to a mixed one, having displacements and strains as variables to be interpolated independently.
The outcome of this is that improved accuracy and stability can be attained for the latter. This
improvement can be crucial if strains are used to evaluate strongly non-linear constitutive laws,
as in the case of crack modeling using the smeared approach. This is the core idea developed
in this work.
Nevertheless, the use of mixed formulations is involved from the implementation point of view.
The main reason for this is that the inf–sup compatibility condition poses severe restrictions on
the selection of the pairs of discrete solution spaces. The alternative to use non-standard, exotic
interpolations for these fields is to modify the discrete variational equations so as to allow for
arbitrary interpolations, and, in particular, equal order for both fields. This is the essence of
stabilized formulations.
In the last years, stabilized mixed displacement–pressure methods have been applied to the
solution of J2 elasto-plastic and damage problems [31–37]. Such a formulation produces a wellposed and numerically fully stable FE problem, even when strain softening behavior is considered,
leading to the formation of slip lines. The results obtained, both in terms of collapse mechanism
and global load–deflection response, are practically mesh independent. More recently, in [38, 39],
a stabilized mixed strain–displacement method is formulated to tackle problems involving tensile
cracking using Rankine-type damage criteria. Also in this case, a well-posed and numerically
stable discrete problem is obtained, leading to the computation of crack paths, peak loads and
global load–deflection responses which are practically mesh independent.
Copyright 䉷 2011 John Wiley & Sons, Ltd.
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The objectives of the present paper are three-fold: (a) to formulate a discrete model for crack
propagation which is well posed and fully stable from the numerical point of view; the model
is based on a mixed formulation using continuous linear interpolations both for the strain and
displacement fields and a local isotropic Rankine damage model, (b) to show that this formulation
is convergent, so that results obtained are not spuriously dependent on the finite element mesh used
and that on mesh refinement it approaches the original continuum problem and (c) to show that the
results obtained depend on the actual material model adopted. Compared with [38, 39], in this paper
we focus our emphasis on the strain–displacement approach, we present a thorough description
of the smeared crack approach within the mixed framework and we solve new problems, such as
mixed-mode cracking situations, intended to demonstrate the objectives indicated.
The outline of the paper is as follows. In Section 2, a stabilized mixed strain/displacement
formulation for the solution of non-linear solid mechanics problems is outlined. The continuum
problem and the corresponding discrete formulation are introduced. Following the ideas in
[38, 39], stabilization of the latter is achieved by considering a residual-based subscale on the
strain field. Stability and convergence properties of the proposed formulation are discussed.
Section 3 describes a smeared isotropic Rankine damage model. After recalling the basic
features of the smeared approach, two alternative Rankine-type damage models are formulated.
Finally, two selected numerical examples involving finite elements meshes of linear triangles
and bilinear quadrilaterals are presented to assess the generality and robustness of the proposed
formulation.

2. STABILIZED MIXED STRAIN/DISPLACEMENT FORMULATION
FOR SOLID MECHANICS
2.1. Mixed e/u solid mechanics problem
The formulation of the solid mechanics problem can be written considering the stress as an
independent unknown, additional to the displacement field. In this case, the strong form of the
continuous problem can be stated as: given the prescribed body forces f, find the displacement
field u and the stress field r such that:
−r+C : ∇ s u = 0

in 

(1a)

∇ ·r+f = 0

in 

(1b)

where  is the open and bounded domain of Rn dim occupied by the solid in a space of n dim
dimensions. Equation (1a) enforces the constitutive relationship, with C = C(r) being the non-linear
constitutive tensor, while Equation (2b) is the Cauchy equation.
Equations (1a)–(1b) are subjected to appropriate Dirichlet and Neumann boundary conditions.
In the following, we will assume these, without loss of generality, in the form of prescribed
displacements, u = 0 on *u , and prescribed tractions, t on *t , respectively, being *u and *t
a partition of *.
This mixed formulation in terms of the stress and displacement fields, r/u, is classical and it
has been used many times in the context of linear elasticity, where the constitutive tensor C is
constant. However, it is not the most convenient format for the non-linear problem. The reason for
this is that most of the algorithms used for non-linear constitutive equations in solid mechanics
have been derived for the irreducible formulation. This means that these procedures are usually
strain driven, and they have a format in which the stress r is computed in terms of the strain e,
with e = ∇ s u. Because of this, it is advantageous to formulate the mixed solid mechanics problem
considering the strain field e, rather than the stress field r, as an independent unknown, additional
to the displacement field u.
Copyright 䉷 2011 John Wiley & Sons, Ltd.
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In this case, the strong form of the continuum problem can be stated as: find the displacement
field u and the strain field e, for given prescribed body forces f such that:
−C : e+C : ∇ s u = 0

in 

(2a)

∇ ·(C : e)+f = 0

in 

(2b)

Equation (2a) enforces the non-linear constitutive relationship, with C = C(e) being the non-linear
constitutive tensor, while Equation (2b) is the Cauchy equation. Equations (2a)–(2b) are also
subjected to appropriate Dirichlet and Neumann boundary conditions of the same form as for
(1a)–(1b).
Note that the strong form of the (standard) irreducible formulation, where the displacement field
u is the only unknown, is obtained by the substitution of Equation (2a) into Equation (2b), to yield
∇ ·(C : ∇ s u)+f = 0

(3)

Returning to the mixed formulation given by Equations (2a)–(2b), multiplying by the test
functions and integrating by parts the second equation, the associated weak form of the mixed
problem can be stated as
−(c, C : e)+(c, C : ∇ s u) = 0

∀c

(4a)

(∇ s v, C : e) = (v, f)+(v, t)*t

∀v

(4b)

where v ∈ V and c ∈ G are the variations of the displacements and strain fields, respectively, and
(·, ·) denotes the inner product in L 2 (), the space of square integrable functions in . Hereafter,
orthogonality will be understood with respect to this product. Likewise, (v, t̄)*t denotes the integral
of the product of v and t̄ over *t . Equations (4a)–(4b) can be understood as the stationary
conditions of the classical (reduced) Hu-Washizu functional [40].
The definition of the functional spaces V and G is crucial. As stated in (4a)–(4b), strains need
to be only in L 2 (), whereas displacements and their derivatives are required to be in this space.
As for the Darcy problem (see [41, 42]) this is the primal formulation of the problem. However,
it is also possible to integrate by parts the second term in (4a) and the first in (4b), yielding a
problem in which displacements need to be in L 2 (), but not their derivatives, whereas now the
divergence of the strains needs to be in L 2 (). This corresponds to the dual formulation of the
problem. Both possibilities, primal and dual, fit in our framework, and in fact the discrete problem
presented next may be used in both cases. This is why we do not further specify the definition of
V and G.
The discrete Galerkin finite element counterpart problem is defined as:
−(ch , C : eh )+(ch , C : ∇ s uh ) = 0

∀ch

(∇ s vh , C : eh ) = F(vh )

(5a)
∀vh

(5b)

where uh , vh ∈ Vh and eh , ch ∈ Gh are the discrete displacement and strain fields and their variations,
defined onto the finite element spaces Vh and Gh , respectively, and F(vh ) = (vh , f)+(vh , t)*t .
Note that the resulting system of equations is symmetric but non-definite.
The inf–sup condition [43, 44] establishes that the stability of the discrete formulation depends
on appropriate compatibility restrictions on the choice of the finite element spaces Vh and Gh ,
which we consider conforming and leave for the moment undefined. Standard Galerkin mixed
elements with continuous equal order linear/linear interpolation for both fields do not satisfy the
condition and, therefore, are not stable. For this particular problem, lack of stability manifests as
spurious oscillations in the displacement field that entirely pollute the solution. A satisfactory way
of eluding the constrictive inf–sup condition is to modify the discrete variational form, bringing
into play appropriate numerical stabilization techniques that can provide the necessary stability.
Such stabilization techniques can be satisfactorily sustained from the sub-grid scale approach [45].
Copyright 䉷 2011 John Wiley & Sons, Ltd.
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2.2. The sub-grid scale approach
To apply the sub-grid scale approach to the continuum problem defined by Equations (4a)–(4b), the
continuum strain field is split into two components, one coarse and a finer one, corresponding to
different scales or levels of resolution. The solution of the continuum problem contains components
from both scales. Consequently, for the solution of the discrete problem to be stable it is necessary
to include the effect of both scales in the approximation. To this end, the strain field of the mixed
problem is approximated as
e = eh +
e

(6)

where eh ∈ Gh is the strain component of the (coarse) finite element scale and
e∈
G is the enhancement of the strain field corresponding to the (finer) sub-grid scale. Let us also consider the
corresponding variations ch ∈ Gh and 
c∈
G, respectively. The strain solution space is G  Gh ⊕ 
G.
The displacement field may also be split in the same manner, but this option will not be considered
here for the sake of simplicity (even though it is needed to prove the results in [41]).
It is assumed that the coarse scale can be appropriately solved by a standard finite element
interpolation, which however cannot solve the finer scale. Nevertheless, the effect of this finer
scale needs to be included to enhance the stability of the displacement in the mixed formulation.
The sub-grid strains 
e can be viewed as a perturbation of the finite element strain field eh , and
it is reasonable to assume that they will be sufficiently ‘small’ compared with eh . It can also be
assumed that 
e and 
c vanish on the boundary *.
Considering the subscales, the stresses, r = C : e, can be decomposed into two different contributions
r(e) = C(e) : e ≈ C(eh ) : eh +C(eh ) :
e

(7)

where the approximation C(e) ≈ C(eh ) has been used. This implies that the constitutive is evaluated
only with the resolvable part of the strain. Adding the strain subgrid scale is possible, as in other
non-linear problems (see [46, 47]), and its performance could be further explored. However, this
would require to store the strain subgrid scale at the integration points.
Considering the scale splitting, the discrete problem corresponding to Equations (4a)–(4b) is:
−(ch , C : eh )− (ch , C :
e) +(ch , C : ∇ s uh ) = 0 ∀ch

(8a)

−(
c, C : eh )−(
c, C :
e)+(
c, C : ∇ s uh ) = 0 ∀
c

(8b)

(∇ s vh , C : eh )+ (∇ s vh , C :
e) = F(vh ) ∀vh

(8c)

c, the
Owing to the approximation used, Equation (6), and the linear independence of ch and 
continuum Equation (4a) unfolds in two discrete equations, Equations (8a) and (8b), one related
to each scale considered.
On one hand, Equations (8a) and (8c) are defined in the finite element spaces Gh and Vh ,
respectively. The first one enforces the constitutive equation including a stabilization term S1 =
(ch , C :
e) depending on the sub-grid strains 
e. The second one solves the balance of momentum
including a stabilization term S2 = (∇ s vh , C :
e) depending on the sub-grid stresses 
r = C :
e.
On the other hand, Equation (8b) is defined in the sub-grid scale space 
G and, hence, it cannot
be solved by the finite element mesh. It can be rewritten as
−(
c, C :
e) = (
c, rh )

∀
c∈
G

(9)

where the residual of the constitutive equation in the finite element scale is defined as:
rh = rh (eh , uh ) = C : eh −C : ∇ s uh
Copyright 䉷 2011 John Wiley & Sons, Ltd.
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As the subgrid equation (9) cannot be solved by the finite element grid, to proceed it is necessary
to provide an approximate closed-form solution to it. In addition, the format of Equation (9),
which is exact for the fine scale and nonlocal, strongly suggests that C :
e, and hence 
e, are driven
by the residual of the coarse scale, rh . In [48] it is reasoned that the sought effect of the finer
scale is to explicitly account for the distributional effects of the residual of the coarse scale.
Therefore, the residual-based subscale strain can be localized within each finite element e , and be
expressed as

e = ε C−1 : rh = ε [∇ s uh −eh ]

(11)

where ε is computed as
 ε = cε

h
L

(12)

and where cε is an algorithmic constant, h is the element size and L is a characteristic length of
the computational domain. Equation (11) has to be understood as the approximate projection of
∇ s uh −eh onto the space of strain subscales, and therefore ε is not necessarily 1. The expression
given by (12) has been chosen according to the optimal convergence results obtained for equal
interpolation in [41], since in the following we precisely assume equal continuous interpolation for
displacements and strains. Let us also mention that the projection orthogonal to the finite element
space could be taken of the right-hand side of (11), although it turns out that the resulting scheme
for this particular problem would be the same (see [38]).
Note that with the definition in Equation (11), the subscale 
e is computed in an element by
element manner and its magnitude depends on the difference between the continuous (eh ) and
the discontinuous (∇ s uh ) strain fields within each element. Therefore, the subscale 
e is discontinuous across element boundaries. For linear elements, 
e is piecewise linear. Unfortunately,
even if defined element-wise, 
e cannot be condensed at element level because eh is interelement
continuous.
Introducing the strain subscale (11) into Equations (8a) and (8c), the mixed system of equations
can be written as
−(1−ε )(ch , C : eh )+(1−ε )(ch , C : ∇ s uh ) = 0

∀ch

(1−ε )(∇ vh , C : eh )+ε (∇ vh , C : ∇ uh ) = F(vh )
s

s

s

(13a)
∀vh

(13b)

where the terms depending on ε represent the stabilization. Note that the resulting system of
equations is symmetric.
If PC is the L 2 () projection weighted by C, the projection involved in (13a) can be written as
eh = PC (∇ s uh )

(14)

and, therefore, the proposed stabilized mixed strain–displacement approach can also be
written as:
estab = (1−ε )PC (∇ s uh )+ε (∇ s uh )
(∇ s vh , C : estab ) = F(vh )

(15a)
(15b)

It is noteworthy that the term added to secure a stable solution decreases rapidly upon mesh
refinement, as the finite element scale becomes finer and the residual in Equation (10) reduces
(
e is sufficiently ‘small’ compared with eh ).
2.3. Stability and convergence results
Stability and convergence results for the stabilized mixed method given by (13a)–(13b) applied
to the linear elastic problem, with C = C0 , have been collected in Table I, indicating only the
order of convergence. This order is compared with what would be obtained with the irreducible
Copyright 䉷 2011 John Wiley & Sons, Ltd.
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Table I. Order of convergence of different terms in the irreducible and mixed stabilized
formulations when interpolations of degree k are used for both uh and h .
Term
∇ s (u−uh )
u−uh

Irreducible

Mixed

hk

hk

h k+1 with duality

h k+1/2 without duality
h k+1 with duality

hk

h k+1/2 without duality
h k+1 with duality
rh = C0 : h

 − h

rh = C0 : ∇ s uh

formulation, where the differential equation to be solved is Equation (3). The proof of these results
can be done adapting the analysis presented in [41].
Table I shows that in the linear case the strains and stresses are approximated with a better
accuracy using the stabilized mixed formulation. In this table, it is indicated whether a convergence
result requires the typical elliptic regularity assumption used in duality arguments or not (see [41]
for details). Note that, even if it does not hold, improved convergence in stresses can be achieved.
As it has been already mentioned, in this work we are interested in non-linear constitutive
behavior of materials of the secant form
C = C(e)

(16)

which in particular can be used to model damage. Moreover, we are interested in damage models
with softening because they lead to strain localization and they are good candidates to be used as
‘smeared crack models’ (see, e.g. [13, 49, 50] and many others).
The misbehavior encountered when irreducible formulations are used in strain localization
problems has been described already in Section 1. It is the authors’ thesis that the numerical
problems found can be attributed to poor stability and/or accuracy in the computation of the
strains. Since they are used to evaluate the non-linear constitutive law, for instance, through a
secant relationship involving a non-linear secant constitutive tensor as in Equation (16), it is
not surprising that a misfire in calculating the strains leads to a global failure of the overall
numerical approximation. This surely is particularly true in the case of strain-softening, where
strain localization occurs.
Even though we do not have the analysis for non-linear problems, the results in Table I suggest
that the stabilized mixed formulation presented may succeed in overcoming the numerical problems
which are behind the observed misbehavior of the irreducible formulation. This is so mainly because
strain and stress accuracy is improved, as the mixed formulation achieves better convergence
rate on the strains (or stresses) than the irreducible formulation. This could not be considered
a discriminating argument, as this improvement is attained at the cost of using more degrees of
freedom for the same number of nodes in the FE mesh.
However, the real problem with the irreducible formulation is not a poor convergence rate on the
strains, but lack of convergence. The norms evaluated in the mentioned Table I are global. Without
additional regularity conditions, local estimates of convergence are expected to be one order smaller.
This means that, using linear elements, k = 1, no convergence order can be guaranteed for the
strains that are used to evaluate the constitutive law (16) pointwise in the irreducible formulation.
Propitiously, for the mixed stabilized formulation we can formally expect order h convergence
in the worst situation (order h 1/2 if the assumptions of duality arguments do not apply). Using
higher order elements, k>1, in problems involving strong gradients and/or discontinuities does
not improve the convergence estimates, since higher order derivatives involved in these estimates
are not bounded in such situations. In fact, if the continuous solution is singular, not even the first
order derivatives are going to be point-wise bounded. Nevertheless, convergence (without order)
can be expected in the mixed formulation in the energy norm defined for a region around the
singularity. This is not the case for the irreducible formulation.
Copyright 䉷 2011 John Wiley & Sons, Ltd.
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3. SMEARED ISOTROPIC RANKINE DAMAGE MODELS
3.1. The smeared crack approach
In this section a brief recollection of the smeared approach to crack modeling is made. Distinction
between the formulation of the model at continuum level and its discrete counterpart, the FE
implementation, is emphasized. It is shown that the smeared crack model offers different alternatives
within the irreducible or mixed frameworks discussed in Section 2.
Consider the body occupying the domain , as shown in Figure 1(a), crossed by a discontinuity
S, which represents a crack. Regions + and − are the parts of the body located ‘in front’ and
‘behind’ the crack. Let L be a characteristic length of the domain.
At the continuum level, a crack model such as the one represented in Figure 2(a) may be
adopted. The top graph shows the normal displacement along a line normal to the crack; it is

Figure 1. Crack models: (a) continuum model; (b) discrete-irreducible
smeared model; and (c) discrete-mixed smeared model.
Copyright 䉷 2011 John Wiley & Sons, Ltd.
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Figure 2. Displacements and strains in crack models: (a) continuum model; (b) discrete-irreducible
smeared model; and (c) discrete-mixed smeared model.

discontinuous, with a displacement jump w, which represents the normal opening of the crack,
occurring at S. The corresponding normal strain component is shown in the bottom graph, with a
singularity occurring at S. In this model, the behavior of the crack must be established through a
softening traction-jump law.
Consider also FE discretizations of the body , as shown in Figures 1(b) and (c), crossed by the
crack S. Let S + and S − be two lines of nodes that run parallel to S, at a relative distance b, and
the crack is to be modeled by the elements located inside the band delimited by those two lines. It
is stressed that the bandwidth b is not a material parameter and it does not belong to the definition
of the continuum problem; it belongs to the discrete problem and it is related to the resolution of
the mesh and the element size h. The ratio  = b/ h depends on the localization sharpness that a
given FE formulation is able to achieve.
At the discrete level, a smeared crack model such as the one represented in Figure 2(b) may
be considered. It corresponds to the standard smeared crack approach, based on the irreducible
formulation of the mechanical problem, where the strain field is obtained by differentiation of the
displacement field. Note that the displacement field is inter-element continuous, while the strain
field is inter-element discontinuous. Because of this, for a given discretization, optimal resolution
of the crack implies that b = h,  = 1, that is, that the strain localization band is only one element
across. As the behavior of the crack is established through a softening stress-(total) strain law, this
type of model can be implemented in any non-linear FE code by simply writing a routine for a
new material constitutive model.
Alternatively, it is possible to adopt a smeared crack model such as the one represented in
Figure 2(c). It corresponds to the same smeared crack approach, but now based on the mixed
strain/displacement formulation of the mechanical problem presented in Section 2, where both the
strain and the displacement fields are independent variables. Note that here both fields are linear
and inter-element continuous, since this is the situation we are interested in (see [42] for other
alternatives). Because of this, for a given discretization, optimal resolution of the crack implies
that b>h, >1, that is, that strain localization affects more than one element across the crack. As
in the standard model, the behavior of the crack is established through a softening stress-(total)
strain law.
It is noteworthy that the basic idea behind the smeared approach to crack modeling is that, on
mesh refinement, as the ratio h/L decreases, both the strain and displacement fields obtained from
Copyright 䉷 2011 John Wiley & Sons, Ltd.
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the discrete (smeared) approach must: (a) converge and (b) converge to those of the continuum
model.
Requirement (a) has been discussed in the last part of Section 2. There is no guarantee of
point-wise convergence of the strains and stresses for the standard irreducible FE formulation
in the general case. This unfortunate circumstance is responsible for the often observed lack of
objectivity of the results obtained with irreducible formulations with regard to mesh alignment.
It should be noted that this drawback is not due to the smeared approach to crack modeling. It
is due to the limitations of the irreducible formulation and, thus, it occurs also in approaches
incorporating discontinuous displacement interpolations, either via element or nodal enrichments.
Requirement (b) needs energy dissipation during the crack propagation to be considered, both
at the continuum and discrete levels. This was first done by Pietruszczak and Mróz in 1981 [4] and
Bazant and Oh in 1983 [5] and it is done routinely in smeared crack models ever since [51–55].
On one hand, let us assume that the continuum non-linear problem is defined by the following
material properties: the elastic modulus E, the cracking strength 0 and the fracture energy G,
defined as the energy dissipated per unit area when a fracture surface forms. From the first
two properties, the elastic strain energy stored per unit volume when a fracture surface forms is
U0 = 20 /2E. The three material properties can be combined to define the material (characteristic)
length, L = 2E G/20 .
Recalling that L is a characteristic length of the domain, the ratio between the stored elastic
energy and the released fracture energy is a dimensionless parameter:
B =

L
U0 L
=
G
L

(17)

By definition, parameter  B becomes a size-dependent measure of the brittleness of the problem,
which only depends on the ratio between the dimensions of the problem and the material characteristic length. For  B = 0, behavior is ductile; for  B = 0, behavior is brittle and energy release
rate controls the problem. It is obvious that a given problem becomes more brittle as it is scaled
up, or if the fracture energy is reduced. Definition (17) also reflects the effect that varying the
elastic modulus and the strength has on brittleness.
It is to be remarked that the previous considerations refer to the continuum problem depicted
in Figures 1(a) and 2(a); there exist two characteristic lengths in the problem, even if the strain
localization takes place in a thickless surface. On one hand, for such a continuum problem, behavior
of the crack is established through a softening traction-(displacement) jump law, which can be
established in terms of L or, in a non-dimensional fashion, in terms of  B . It is clear that such a
setting incorporates the structural size-effect in a straightforward manner [37].
On the other hand, in a discrete smeared model, behavior of the crack is established through
a softening stress-(total) strain law, and the phenomena of cracking and fracture are modeled via
strain localization. Let us assume that the strain localization band has a finite bandwidth b, inside
which the discrete energy dissipation D, defined per unit volume, takes place. In this case, the
brittleness parameter of the discrete problem can be written as:


L
G
U0 L
B
S =
=
(18)
Db
L Db
From this expression, it is clear that consistency between the discrete smeared model and the
continuum problem requires that the equality
Db = G

(19)

holds in the discrete model. For the discrete model, if Equation (19) holds, Equation (18) may
also be rewritten as:
L
L
SB = =  B
(20)
L b
The ratio L/b defines the resolution (sharpness) of the localization band related to the problem
size, while the new non-dimensional number  B = b/L defines the brittleness inside the band.
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This implies that the discrete softening stress–strain law must be established, in a non-dimensional
fashion, in terms of  B . Note that, on mesh refinement, as b reduces,  B reduces in the same
measure, and the brittleness in the band reduces accordingly.
3.2. Isotropic Rankine damage model
The constitutive equation for the scalar isotropic damage model used in this work is:
r = C : e = (1−d)C0 : e

(21)

where the stresses r can be computed in terms of the total strain tensor e, the linear elastic
constitutive tensor C0 and the damage index d.
The damage model is completed with the definition of the evolution of the damage index in
terms of the evolution of the total strains, or the effective stresses r, defined as r = C0 : e.
To model tensile damage, the equivalent effective stress, , is defined in one of the following
manners:
 = ¯ 1
=

3


(22a)
¯ i

(22b)

i=1

where ¯ i , i = 1, 2, 3, are the principal effective stresses, ¯ 1 being the largest one and · are the
Macaulay brackets ( x = x, if x0, x = 0, if x<0).
With one of these definitions for the equivalent effective stress, the damage criterion, , is
introduced as
(, q) = −r 0

(23)

where variable r is the current damage threshold, an internal stress-like variable whose value
controls the size of the damage surface. The initial value of the damage threshold is r0 = 0 , where
0 is the initial uniaxial damage stress, that is, the tensile strength.
Together with Equation (22a), Equation (23) corresponds to the standard Rankine criterion,
whereas together with Equation (22b), it corresponds to the truncated Rankine criterion, sensitive
to multiaxial tension states. Figure 3(a) shows a schematic representation of the defined damage
criteria on the 3 = 0 plane of the stress space.
The evolution of the damage bounding surface for loading, unloading and reloading conditions
is controlled by the Kuhn–Tucker relations and the damage consistency condition, which are
ṙ 0

(,r )0 ṙ (,r ) = 0

(24a)

˙
then ṙ (,r
)=0

(24b)

if (,r ) = 0

(a)

(b)

Figure 3. Rankine damage model: (a) damage surfaces and (b) softening function.
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leading, in view of Equation (23), to the loading condition
ṙ = ˙

(25)

This, in turn, leads to the explicit definition of the current values of the internal variable r in
the form


(26)
r = max r0 , max (t)
t∈[0,∞)

Stress softening is controlled by the softening function q = q(r ). In this work, the following
exponential softening law is used:



r −r0
q(r ) =r0 exp −2HS
, r r0
(27)
r0
where HS 0 is the softening parameter. Figure 3(b) shows a schematic representation of this
function.
Finally, the damage index d = d(r ) is explicitly defined in terms of the corresponding current
value of the damage threshold
q(r )
d(r ) = 1−
, r r0
(28)
r
so that it is a monotonically increasing function such that 0d1.
3.3. Mechanical dissipation
The mechanical free energy for an isotropic damage model is defined as:
W = (1−d)W e (e) = (1−d) 12 [e : C0 : e]0

(29)

Thus, the rate of mechanical dissipation can be expressed as:
Ḋ = W e ḋ0

(30)

Let us consider an uniaxial tensile experiment in which the tensile strain ε increases monotonically and quasi-statically from an initial unstressed state to another in which full degradation takes
place. In this case, W e = Eε 2 /2 = ¯ 2 /2E =r 2 /2E, where E is Young’s modulus and r = ¯ = Eε.
Using Equations (30) and (28), the specific energy dissipated in the process is:
 ∞
 ∞
D=
Ḋ dt =
W e ḋ dt
0

1
=
2E



0
∞


q dr −

r0

0

q0


r dq =



 ∞
1
r0 q0 +2
q dr
2E
r0

(31)

where ḋ dt = d  dr = (q −rq  ) dr/r 2 = (q dr −r dq)/r 2 and r0 = 0 , q0 = q(r0 ) = 0 . Using Equation (27), it results

 2 

0
1
1
D = 1+
= 1+
U0
(32)
HS 2E
HS
Recalling the considerations in Section 3.1 and, in particular, the fact that Equation (19) must
hold for the discrete constitutive model, it is
HS =

B
b
=
L−b 1− B

(33)

where b is the width of the localization band, L = 2E G/20 is the material length and  B = b/L.
Equations (27) and (33) establish that softening in the discrete smeared model depends only on
 B , as stated in Section 3.1.
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In quasi-static conditions, D must be greater than U0 , and this requires that HS must be positive,
so that bL ( B 1). Recalling that b is related to the element size h,  = b/ h, this condition sets
a maximum size for the elements that can be used in the analysis, hL/.
For linear elements and in the irreducible formulation, the discrete localization band is only one
element across, and  = 1 [56]. For the mixed problem, inter-elemental strain continuity implies an
effective discrete localization bandwidth with  = 2, see [39]. In this work, the size of the element
is computed as h 2 = 2A for triangular elements and h 2 = A for quadrilateral elements, where A is
the area of the element.

4. NUMERICAL EXAMPLES
The application of the stabilized mixed strain/displacement e/u formulation presented in this work
to the problem of tensile cracking and associated strain localization is illustrated below in two
different demonstrative examples. Relative performance of the irreducible displacement formulation
and the stabilized mixed strain/displacement formulation is tested considering 2D 3-node triangular
and 4-node quadrilateral meshes. The elements used will be triangular P1 (linear displacement)
and P1P1 (linear strain/linear displacement) elements preferentially, but the formulation presented
is very general and results comparing quadrilateral Q1 (bilinear displacement), Q1Q1 (bilinear
strain/bilinear displacement) elements are also shown. Only low-order elements are considered
because they are more effective in problems involving sharp displacement and strain gradients.
When the stabilized mixed strain/displacement formulation is used, a value of cε = 1.0 is used
for the evaluation of the stabilization parameters ε . In both examples, the height of the beams
is taken as representative length of the problem, L. Tensile cracking is modeled using the local
scalar damage model with exponential strain softening described in Section 3.
The discrete finite element problem is solved incrementally, in a (pseudo)-time step-by-step
manner. Analyses are performed under displacement control in order to trace the complete postpeak behavior. An automatic time incrementation procedure is used to reduce the size of the
time steps when convergence due to the non-linear effects is more difficult. Within each step,
convergence is attained when the ratio between the norm of the iterative and the incremental norm
of the residual arrays is lower than 10−3 . It has to be remarked that no tracking algorithm of any
sort has been used in any of the computations.
Calculations are performed with an enhanced version of the finite element program COMET
[57], developed at the International Center for Numerical Methods in Engineering (CIMNE). Pre
and post-processing is done with GiD, also developed at CIMNE [58].
No discussion about the relative cost of the present approach compared with the irreducible one
will be presented in the following. Comparison tests are reported in [38], where it is concluded
that the increase is affordable. Nevertheless, research aiming to improve the performance of the
mixed formulation will be pursued elsewhere.
4.1. Four-point bending beam
The first example is a plane-strain doubly notched beam subjected to four point bending. Figure 4
depicts the geometry of the problem; dimensions of the beam are 134.0 cm×30.6 cm (width ×
height) and the length and width of the notches are 8.2 and 0.5 cm, respectively. The load is
applied at the central (rigid) supports (at 8.0 cm from the center of the beam) by imposing vertical
displacements of opposite sign at the top and bottom supports. The two supports near the extremes
of the beam (at 20.3 cm) are fixed. This example is selected because it represents an excellent
example of mixed mode fracture. It presents two singular points at the tips of the notches; tensile
stresses are very large in the vicinity of these regions and damage starts there.
The following material properties are assumed: Young’s modulus E = 30 GPa, the Poisson ratio
 = 0.2, tensile strength 0 = 2 MPa and mode I fracture energy G = 100 J/m2 . Both the standard
and the truncated Rankine damage criteria defined in Figure 3(a) are used.
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Figure 4. Geometry and load for four-point bending beam.

(a1)

(a2)

(b1)

(b2)

(c1)

(c2)

Figure 5. Deformed geometries (×100) and damage index contours on the three meshes with mixed P1P1
elements (standard Rankine criterion).

The computational domain is discretized in three different unstructured meshes with average
mesh sizes in the central part of (a) h e = 20 mm (1189 nodes), (b) h e = 10 mm (1959 nodes) and
(c) h e = 5 mm (5909 nodes). The central part of the three meshes is shown in Figures 5 and 6.
First, P1P1 (linear strain/linear displacement) mixed elements are used. Three separate analyses
are performed using these meshes and the standard Rankine damage criterion (see Equations (22a)
and (23) and Figure 3(a)). The computed deformed shapes of the central part of the beam are
shown in Figures 5(a.1), (b.1) and (c.1), respectively (imposed vertical displacement  = 0.1 mm,
with a displacement amplification factor of 100). The different element sizes in the meshes can
be appreciated in these figures. As shown, the computed cracks in all the analyses follow very
closely the same path, starting at the tip of the notches and progressing, mostly parallel to each
other. Note that these two cracks are fairly straight and, in practical terms, they define the limits
of the compressive strut that links the two central supports. They turn vertically when they reach
the action lines of the reactions of the central supports. The computed crack pattern corresponds
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(a1)

(b1)

(c1)

(a2)

(b2)

(c2)

Figure 6. Deformed geometries (×100) and damage index contours on the three meshes with irreducible
P1 elements (standard Rankine criterion).

to the solution of the continuum problem and no spurious mesh bias is observed in any of the
discrete solutions.
Figures 5(a.2), (b.2) and (c.2) show plots of the damage index in the three meshes. Note that
in the mixed formulation damage is inter-element continuous. Results are not mesh biased in any
way: the damage patterns are consistent with the three different levels of discretization.
Second, P1 (linear displacement) irreducible elements are used. Figure 6 shows the results
obtained, which may be compared with those in Figure 5. As it can be seen, the crack initiates
correctly in all meshes, but in the three cases it turns vertically almost immediately to run along
with the respective preferential mesh alignment and too close to the vertical central axis. Note,
in the bottom row, that in the irreducible formulation damage is inter-element discontinuous.
Results obtained, either in terms of damage distribution or strain localization, are clearly mesh
biased. Therefore, convergence to the solution of the corresponding continuum problem cannot be
expected.
Figure 7 shows load versus imposed vertical displacement curves obtained for the three meshes:
(a) with P1P1 mixed elements and (b) with P1 irreducible elements. Curves obtained with the
mixed formulation are very similar among them. Note that in the elastic regime, the three responses
overlap almost exactly. The non-linear response is not spuriously affected neither by mesh size
nor by mesh bias. Contrariwise, curves obtained with the irreducible formulation show trends as
different among them as the corresponding localization patterns. Note that the different resolution
of the meshes is evident even in the elastic regime. However, the responses, even if mesh bias
dependent, are not mesh size dependent.
Third, the four-point bending beam is reanalyzed with P1P1 mixed elements but now using the
truncated Rankine damage criterion (see Equations (22b) and (23) and Figure 3(a)). The results
obtained are shown in Figures 8 and 9. Again, strain localization and damage index contours are
mesh bias independent. Comparing Figure 5 with Figure 8, it is obvious that the crack pattern
obtained depends on the constitutive model adopted and, in this particular case, in the selection
of the damage criterion. By adopting the truncated Rankine criterion, rather than the standard, the
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Figure 7. Load versus displacement for four-point bending beam. Standard Rankine damage criterion.
Comparison between different mesh sizes: (a) P1P1 mixed elements and (b) P1 irreducible elements.

areas of the beam which are under biaxial tension are penalized in front of those closer to the
compressive strut. This effect makes the crack pattern markedly more curved in the early stages.
As before, the cracks turn vertically when they approach the action lines of the central reactions.
Figure 9 shows the corresponding load versus imposed vertical displacement curves. As expected,
the results obtained with the three meshes are consistent. Compared with the curves in Figure 7, a
reduction of 30.64% in the peak load is obtained when adopting the truncated criterion; also, the
development of the non-linear behavior is more sudden.
Figure 10 shows the results obtained using the stabilized mixed formulation on the fine mesh.
The two columns represent the evolution, at four different time steps of the analysis, of: (a) the
contours of total displacements and (b) the contours of maximum principal strain. The bottom
figures show how, when the failure mechanism is fully developed, all the deformation concentrates
in the formed cracks, while the elements outside these localization bands are mostly undeformed.
The resolution of the cracks is optimal for the mesh used. Note in the left bottom plot how, once
both cracks are formed, the central part of the beam rotates almost as a rigid body around the center
of the beam. For the coarser meshes, similar results are obtained, although the strain localization
is smeared across a row of larger elements (Figure 8).
Finally, Figures 11(a) and (b) show the evolution, at three different time steps of the analysis, of: (a) the horizontal displacements, (b) the maximum principal strain, along a horizontal
line along the longitudinal axis of the beam which crosses both cracks. In the first one, the
initially smooth gradient of displacements progressively localizes into a very sharp jump across
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(a1)

(b1)

(c1)

(a2)

(b2)

(c2)

Figure 8. Deformed geometries (×100) and damage index contours on the three meshes with mixed P1P1
elements (truncated Rankine criterion).
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Figure 9. Load versus displacement for four-point bending beam. Truncated Rankine damage criterion.
Comparison between different mesh sizes.

one single element. In the second one, the strain profile progressively localizes with very sharp
resolution.
4.2. Three-point reinforced prestressed bending beam
The second example is a doubly notched reinforced prestressed beam subjected to three-point
bending. Figure 12 depicts the geometry and dimensions of the beam, which are 167.0 cm×40.0 cm
(width × height). It has a symmetric wide-flange section in which the flanges are 20.0 cm×5.0 cm
and the web is 5.0 cm×30.0 cm. The reinforcement consists of an unbonded platen of 10.0 cm×
1.0 cm located in the middle of the lower flange and anchored at both ends. The two notches are
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Figure 10. Results for four-point bending beam using mixed P1P1 elements. Evolution of:
(a) displacement and (b) maximum principal strain.

symmetrically located at 40.5 cm from the center of the beam; the length and width of the notches
are 5.0 and 1.0 cm, respectively. The two supports near the ends of the beam (at 4.0 cm) are rollers.
Horizontal displacements are assumed null at the symmetry axis.
The beam is initially prestressed with two horizontal loads H = 50 kN applied along the centers
of gravity of the upper flange. After that, a central vertical point load is applied along the symmetry
axis of the beam. The problem is assumed bidimensional, with different thickness for web and
flanges. This example is selected because it presents a very interesting curved crack pattern.
The following material properties are assumed for the material of the web: Young’s modulus
E = 30 GPa, the Poisson ratio  = 0.0, tensile strength 0 = 3 MPa and mode I fracture energy
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Figure 11. Evolution of the profiles along a vertical line of: (a) vertical displacement and (b) maximum
principal strains for four-point bending beam.

Figure 12. Three-point reinforced prestressed bending beam.

G = 25 J/m2 . The truncated Rankine damage criterion defined in Figure 3(a) is used, although
almost identical results are obtained with the standard Rankine criterion. The flanges are assumed
elastic. The reinforcement Young’s modulus is E r = 200 GPa.
Because of symmetry, only half of the beam needs to be discretized. The right half of the
beam is discretized into four different meshes of triangular elements with different mesh bias and
two average mesh sizes: (a1) unstructured mesh with h e = 10 mm (3952 nodes), (b1) unstructured
mesh with h e = 5 mm (8353 nodes), (a2) structured mesh with h e = 10 mm (3651 nodes) and (b2)
structured mesh with h e = 5 mm (14 180 nodes). The central part of the four meshes is shown
in Figure 13; the top row corresponds to the unstructured meshes and the bottom row to the
structured ones.
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Figure 13. Damage contours on the four meshes with mixed P1P1 elements.

(a1)

(b1)

(a2)

(b2)

Figure 14. Damage contours on the four meshes with irreducible P1 elements.

In a first stage, P1P1 (linear strain/linear displacement) mixed elements are used for the analysis
of the beam. Figure 13 shows plots of the final damage index distribution in the four meshes
considered. It is evident that the computed crack patterns in all the analyses agree very closely.
The tips of the notches are singular points located at the junction of the lower flange and the
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Figure 15. Load versus displacement for three-point bending beam. Comparison between different meshes:
(a) P1P1 mixed elements and (b) P1 irreducible elements.

web; stresses are very large in the vicinity of these regions and damage starts there. Consequently,
cracks are initiated with an inclination with respect to the horizontal axis which depends on the
ratio between shear and longitudinal stresses, determined by the position of the notches along
the beam. This inclination reduces as the crack progresses simultaneously toward the symmetry
and neutral axes of the beam, pushing the neutral axis upwards at the same time. Finally, the
cracks point toward the upper point load until they reach the junction of the web with the upper
flange. The crack pattern obtained from the discrete models corresponds to the solution of the
continuum problem and no spurious mesh bias is observed in any of the computed finite element
solutions.
Second, the same analyses on the four meshes are repeated using P1 (linear displacement)
irreducible elements. The results obtained are shown in Figure 14. In this case, the crack patterns
obtained do not apparently depend on the mesh alignment in a spurious manner as they are similar to
those obtained with the mixed formulation, the only evident difference being that in the irreducible
formulation damage is inter-element discontinuous. Unfortunately, even if not evidently incorrect,
these results are not satisfactory.
This is clear in Figure 15, showing load versus imposed vertical displacement curves obtained
for the four meshes: (a) with P1P1 mixed elements and (b) with P1 irreducible elements. Curves
obtained with the mixed formulation are remarkably similar among them. The four curves overlap
in the elastic regime. Similarly, in the final part of the non-linear response, when the cracks are
fully developed, the curves pair according to their respective fineness. Therefore, the results are
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Figure 16. Evolution of displacement contours for four-point bending beam.

not spuriously affected neither by mesh size nor by mesh bias. The situation is very different for
the four curves obtained with the irreducible formulation where the responses are quite evidently
mesh dependent.
Figures 16 and 17 show the results obtained using the stabilized mixed formulation on the fine
unstructured mesh. The two figures represent the evolution, at four different time steps of the
analysis, of the contours of total displacements and the contours of the damage index, respectively.
The displacement contours show how, as the cracks develop, sharp displacement gradients occur
across the cracks, as it corresponds to the solution of the continuum problem. The plots also show
how the neutral axis is pushed upwards by the progression of the cracks. The contours of the
damage index show that the proposed formulation is capable of reproducing the formation of a
collapse mechanism which depends very non-linearly on the structural response.
Finally, to demonstrate the generality of the proposed approach, the beam is analyzed using
quadrilateral elements, both with Q1Q1 (bilinear strain/bilinear displacement) mixed elements and
with Q1 (bilinear displacement) irreducible elements. Both meshes are structured with h e = 5 mm
(14 180 nodes). The results obtained are shown in Figure 18. On one hand, the crack pattern
obtained with the mixed formulation agrees with the results obtained with the triangular linear
P1P1 elements. Nevertheless, comparing these to the results obtained for the structured mesh (b.2)
in Figure 13, which has the same number of nodes in exactly the same positions, the bandwidth
of the localization band is approximately doubled. It is therefore concluded that for localization
problems quadrilateral elements are not as adequate as their triangular counterparts. On the other
hand, the results obtained with the irreducible formulation are dependent on the mesh bias; this is
obvious at the inception of the cracks, which spring vertically rather than at the correct inclination.
It also shows a much increased spreading of the damage, due to the difficulty of the crack to
maneuver in the structured mesh. As a result of this, the tip of the crack finally reaches the upper
flange several elements off to the right from the correct point.
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Figure 17. Evolution of damage index for three-point bending beam.

Figure 18. Damage index contours on the meshes with quadrilateral elements:
(a) mixed Q1Q1 and (b) irreducible Q1.

5. CONCLUSIONS
This paper presents the application of a stabilized mixed equal order linear strain/displacement
finite element formulation for the solution non-linear solid mechanics problems involving tensile
and mixed-mode cracking. Such a formulation is adopted because the well-known observed meshbias dependence of the results obtained using the standard irreducible formulation is attributed
to lack of point-wise convergence of the strains and stresses in quasi-singular situations. For the
linear case, such a convergence cannot be proved for the standard approach, but it happens in the
mixed case. Although rigorous analysis of the mixed formulation is not available for the non-linear
case, convergence is to be expected.
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Consequently, low-order finite elements with continuous strain and displacement fields (triangular P1P1 and quadrilateral Q1Q1) and two alternative local isotropic Rankine damage models
with strain-softening are used within the well-established smeared approach to crack modeling.
The derived model yields a general and robust scheme, suitable for engineering applications. Its
application translates in the achievement of three goals:
1. the resulting discrete FE model is well posed and stable,
2. the formulation is convergent and, on mesh refinement, it approaches the original continuum
problem, and
3. the results obtained are not spuriously dependent on the finite element mesh used; they depend
only on the actual material model (damage criterion in this case) adopted. No auxiliary crack
tracking technique is necessary.
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